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A SOLUTION OF AN L2 EXTENSION PROBLEM WITH
OPTIMAL ESTIMATE AND APPLICATIONS
QI’AN GUAN AND XIANGYU ZHOU
Abstract. In this paper, we prove an L2 extension theorem with optimal
estimate in a precise way, which implies optimal estimate versions of various
well-known L2 extension theorems. As applications, we give proofs of a con-
jecture of Suita on the equality condition in Suita’s conjecture, the so-called
L−conjecture, and the extended Suita conjecture. As other applications, we
give affirmative answer to a question by Ohsawa about limiting case for the ex-
tension operators between the weighted Bergman spaces, and we present a rela-
tion of our result to Berndtsson’s important result on log-plurisubharmonicity
of Bergman kernel.
1. background and notations
The L2 extension problem is stated as follows (for the background, see Demailly
[19]): for a suitable pair (M,S), where S is a closed complex subvariety of a com-
plex manifold M , given a holomorphic function f (or a holomorphic section of a
holomorphic vector bundle)) on Y satisfying suitable L2 conditions on S, find an L2
holomorphic extension F on M together with a good or even optimal L2 estimate
for F on M .
The famous Ohsawa-Takegoshi L2 extension theorem (Ohsawa wrote a series of
papers on L2 extension theorem in more general settings) gives an answer to the
first part of the problem —existence of L2 extension. There have been some new
proofs and a lot of important applications of the theorem in complex geometry
and several complex variables, thanks to the works of Y.-T. Siu, J.P. Demailly,
Ohsawa, and Berndtsson et al. An unsolved problem is left — the second part of
optimal estimate in the L2 extension problem. A first exception is Blocki’s recent
work on optimal estimate of Ohsawa-Takegoshi’sL2 extension theorem for bounded
pseudoconvex domains (see [12]) as a continuation of an earlier work towards the L2
extension problem with optimal estimate [61] (see also [11]). Another exception is
our recent work [29] based on [61] about optimal estimate of Ohsawa’s L2 extension
theorem with negligible weight for Stein manifolds [39].
In the present paper, we shall further discuss the L2 extension problem with
optimal estimate and give a solution of the problem with its applications, by putting
it into a vision with a wider scope.
The paper is organized as follows. In the rest of this section, we recall some no-
tations used in the paper. In section 2, we present our main theorems, solving the
L2 extension problem with optimal estimate. In section 3, we introduce the main
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applications and corollaries of our main theorems, among others, including: we give
proofs of a conjecture of Suita on the equality condition in Suita’s conjecture, the
so-called L−conjecture, and the extended Suita conjecture; we find a relation of
our result to Berndtsson’s theorem on log-plurisubharmonicity of Bergman kernel;
we give an affirmative answer to a question by Ohsawa in [43] about a limiting
case for the extension operators between the weighted Bergman spaces; and we
also obtain optimal estimate versions of various well-known L2 extension theorems.
In Section 4 we recall or prove some preliminary results used in the proofs of the
main theorems and corollaries. In Section 5, we give the detailed proofs of the main
theorems. In Section 6, we give the proofs of the main corollaries.
Now let’s recall some notations in [42]. Let M be a complex n−dimensional
manifold, and S be a closed complex subvariety of M . Let dVM be a continuous
volume form on M . We consider a class of upper-semi-continuous function Ψ from
M to the interval [−∞, A), where A ∈ (−∞,+∞], such that
1) Ψ−1(−∞) ⊃ S, and Ψ−1(−∞) is a closed subset of M ;
2) If S is l−dimensional around a point x ∈ Sreg (Sreg is the regular part of
S), there exists a local coordinate (z1, · · · , zn) on a neighborhood U of x such that
zl+1 = · · · = zn = 0 on S ∩ U and
sup
U\S
|Ψ(z)− (n− l) log
n∑
l+1
|zj|2| <∞.
The set of such polar functions Ψ will be denoted by #A(S).
For each Ψ ∈ #A(S), one can associate a positive measure dVM [Ψ] on Sreg as
the minimum element of the partially ordered set of positive measures dµ satisfying
∫
Sl
fdµ ≥ lim sup
t→∞
2(n− l)
σ2n−2l−1
∫
M
fe−ΨI{−1−t<Ψ<−t}dVM
for any nonnegative continuous function f with suppf ⊂⊂M , where I{−1−t<Ψ<−t}
is the characteristic function of the set {−1− t < Ψ < −t}. Here denote by Sl the
l-dimensional component of Sreg, denote by σm the volume of the unit sphere in
Rm+1.
Let ω be a Ka¨hler metric on M \ (X ∪S), where X is a closed subset of M such
that Ssing ⊂ X (Ssing is the singular part of S).
We can define measure dVω [Ψ] on S \X as the minimum element of the partially
ordered set of positive measures dµ′ satisfying∫
Sl
fdµ′ ≥ lim sup
t→∞
2(n− l)
σ2n−2l−1
∫
M\(X∪S)
fe−ΨI{−1−t<Ψ<−t}dVω
for any nonnegative continuous function f with supp(f) ⊂⊂M \X (As
Supp(I{−1−t<Ψ<−t}) ∩ Supp(f) ⊂⊂M \ (X ∪ S),
right hand side of the above inequality is well-defined).
Let u be a continuous section ofKM⊗E, where E is a holomorphic vector bundle
equipped with a continuous metric h on M .
We define
|u|2h|V :=
cnh(e, e)v ∧ v¯
dVM
,
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and
|u|2h,ω|V :=
cnh(e, e)v ∧ v¯
dVω
,
where u|V = v ⊗ e for an open set V ⊂ M \ (X ∪ S), v is a continuous section of
KM |V and e is a continuous section of E|V (especially, we define
|u|2|V := cnu ∧ u¯
dVM
,
when u is a continuous section of KM ). It is clear that |u|2h is independent of the
choice of V .
The following argument shows a relationship between dVω [Ψ] and dVM [Ψ] (resp.
dVω and dVM ), precisely∫
M\(X∪S)
f |u|2h,ωdVω[Ψ] =
∫
M\(X∪S)
f |u|2hdVM [Ψ], (1.1)
(resp.
∫
M\(X∪S)
f |u|2h,ωdVω =
∫
M\(X∪S)
f |u|2hdVM ) (1.2)
where f is a continuous function with compact support on M \X .
For the neighborhood U , let u|U = v ⊗ e. Note that∫
M\(X∪S)
fI{−1−t<Ψ<−t}|u|2h,ωe−ΨdVω
=
∫
M\(X∪S)
fI{−1−t<Ψ<−t}h(e, e)cnv ∧ v¯e−Ψ
=
∫
M\(X∪S)
fI{−1−t<Ψ<−t}|u|2he−ΨdVM ,
(1.3)
and
(resp.
∫
M\(X∪S)
f |u|2h,ωe−ΨdVω
=
∫
M\(X∪S)
fh(e, e)cnv ∧ v¯e−Ψ
=
∫
M\(X∪S)
f |u|2he−ΨdVM , )
(1.4)
where f is a continuous function with compact support on M \ (X ∪ S). As
Supp(I{−1−t<Ψ<−t}) ∩ Supp(f) ⊂⊂M \ (X ∪ S),
equality 1.3 is well defined. Then we have equality 1.1 and 1.2.
It is clear that |u|2h is independent of the choice of U , while |u|2hdVM is in-
dependent of the choice of dVM (resp. |u|2hdVM [Ψ] is independent of the choice
of dVM ). Then the space of L
2 integrable holomorphic sections of KM is de-
noted by A2(M,KM ⊗ E, dV −1M , dVM ) (resp. the space of holomorphic sections
of KM |S which is L2 integrable with respect to the measure dVM [Ψ] is denoted by
A2(S,KM |S ⊗ E|S , dV −1M , dVM [Ψ])).
Denote by
|u|2hdVM := {u, u}h,
for any continuous section u of KM ⊗ E. Define
{f, f}h := 〈e, e〉h
√−1dimS
2
f1 ∧ f¯1
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for any continuous section f of KS ⊗E|S , where f = f1 ⊗ e locally (see [19]). It is
clear that {f, f}h is well defined.
Definition 1.1. Let M be a complex manifold with a continuous volume form dVM ,
and S be a closed complex subvariety of M . We call (M,S) satisfies condition (ab)
if M and S satisfy the following conditions:
There exists a closed subset X ⊂M such that:
(a) X is locally negligible with respect to L2 holomorphic functions, i.e., for any
local coordinate neighborhood U ⊂ M and for any L2 holomorphic function f on
U \X, there exists an L2 holomorphic function f˜ on U such that f˜ |U\X = f with
the same L2 norm.
(b) M \X is a Stein manifold which intersects with every component of S, such
that Ssing ⊂ X.
When S is smooth, the condition (ab) is the same as condition 1) in Theorem 4
in [42]. There are the following examples satisfying condition (ab):
1). M is a Stein manifold (including open Riemann surfaces), and S is any closed
complex subvariety of M ;
2). M is a complex projective algebraic manifold (including compact Riemann
surfaces), and S is any closed complex subvariety of M ;
3). M is a projective family (see [51]), and S is any closed complex subvariety
of M .
The Hermitian metric h on E is said to be semi-positive in the sense of Nakano
if the curvature tensor Θh is semi-positive definite as a hermitian form on TX ⊗E,
i.e. if for every u ∈ TX ⊗ E, we have
√−1Θh(u, u) ≥ 0 (see [18]).
Let ∆A,h,δ(S) be the subset of functions Ψ in #A(S) which satisfies that both
he−Ψ and he−(1+δ)Ψ are semi-positive in the sense of Nakano on M \ (X ∪ S).
Let ∆A(S) be the subset of plurisubharmonic functions Ψ in #A(S).
2. main theorems
In the present section, we state an L2 extension theorem with optimal estimate,
related to a kind of positive real function cA(t) which will be explained later on,
solving the L2 extension problem with optimal estimate. The theorem is stated
first in a general setting and then in a less general but sufficiently useful setting.
BTW, the word ”optimal” depends on the considered setting. If the setting becomes
narrower, the estimate possibly couldn’t be optimal again.
Given δ > 0, let cA(t) be a positive function on (−A,+∞) (A ∈ (−∞,+∞)),
which is in C∞((−A,+∞)) and satisfies both ∫∞−A cA(t)e−tdt <∞ and
(
1
δ
cA(−A)eA +
∫ t
−A
cA(t1)e
−t1dt1)2 >
cA(t)e
−t(
∫ t
−A
(
1
δ
cA(−A)eA +
∫ t2
−A
cA(t1)e
−t1dt1)dt2 +
1
δ2
cA(−A)eA),
(2.1)
for any t ∈ (−A,+∞).
If cA(t)e
−t is decreasing with respect to t, then inequality 2.1 holds.
We establish the following L2 extension theorem with an optimal estimate as
follows:
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Theorem 2.1. (main theorem 1) Let (M,S) satisfy condition (ab), h be a smooth
metric on a holomorphic vector bundle E on M with rank r. Let Ψ ∈ #A(S) ∩
C∞(M \ S), which satisfies
1), he−Ψ is semi-positive in the sense of Nakano on M \ (S ∪X) (X is as in the
definition of condition (a, b)),
2), there exists a continuous function a(t) on (−A,+∞], such that 0 < a(t) ≤
s(t) and a(−Ψ)√−1Θhe−Ψ +
√−1∂∂¯Ψ is semi-positive in the sense of Nakano on
M \ (S ∪X), where
s(t) =
∫ t
−A(
1
δ cA(−A)eA +
∫ t2
−A cA(t1)e
−t1dt1)dt2 + 1δ2 cA(−A)eA
1
δ cA(−A)eA +
∫ t
−A cA(t1)e
−t1dt1
.
Then there exists a uniform constant C = 1, which is optimal, such that, for any
holomorphic section f of KM ⊗ E|S on S satisfying
n∑
k=1
πk
k!
∫
Sn−k
|f |2hdVM [Ψ] <∞, (2.2)
there exists a holomorphic section F of KM ⊗ E on M satisfying F = f on S and∫
M
cA(−Ψ)|F |2hdVM ≤ C(
1
δ
cA(−A)eA+
∫ ∞
−A
cA(t)e
−tdt)
n∑
k=1
πk
k!
∫
Sn−k
|f |2hdVM [Ψ],
(2.3)
where cA(t) satisfies cA(−A)eA := limt→−A+ cA(t)e−t <∞ and cA(−A)eA 6= 0.
Using Remark 4.10 and Lemma 4.8 which will be discussed later on, we can
replace smoothness of cA in the above theorem by continuity.
Now we consider a useful and simpler class of functions as follows:
Let cA(t) be a positive function in C
∞((−A,+∞)) (A ∈ (−∞,+∞]), satisfying∫∞
−A cA(t)e
−tdt <∞ and
(
∫ t
−A
cA(t1)e
−t1dt1)2 > cA(t)e−t
∫ t
−A
∫ t2
−A
cA(t1)e
−t1dt1dt2, (2.4)
for any t ∈ (−A,+∞).
When cA(t)e
−t is decreasing with respect to t and A is finite, inequality 2.4
holds.
For such a simpler and sufficiently useful class of functions, we establish the
following L2 extension theorem with an optimal estimate, whose simpler version
was announced in [32]:
Theorem 2.2. (main theorem 2) Let (M,S) satisfy condition (ab), and Ψ be a
plurisubharmonic function in ∆A(S)∩C∞(M \ (S ∪X)) (X is as in the definition
of condition (a, b)), Let h be a smooth metric on a holomorphic vector bundle E
on M with rank r, such that he−Ψ is semi-positive in the sense of Nakano on
M \ (S ∪X), (when E is a line bundle, h can be chosen as a semipositive singular
metric). Then there exists a uniform constant C = 1, which is optimal, such that,
for any holomorphic section f of KM ⊗ E|S on S satisfying condition 2.2 there
exists a holomorphic section F of KM ⊗ E on M satisfying F = f on S and∫
M
cA(−Ψ)|F |2hdVM ≤ C
∫ ∞
−A
cA(t)e
−tdt
n∑
k=1
πk
k!
∫
Sn−k
|f |2hdVM [Ψ].
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Similarly as before, we can replace smoothness of cA in the above theorem by
continuity.
3. Applications and main corollaries
In this section, we present applications and main corollaries of our main theo-
rems, among others, solutions of a conjecture of Suita on the equality condition
in Suita’s conjecture, L− conjecture, the extended Suita conjecture; a relation to
Berndtsson’s log- plurisubharmonicity of Bergman kernel; optimal constant ver-
sions of various known L2 extension theorems; an affirmative answer to a question
by Ohsawa about a limiting case for the extension operators between the weighted
Bergman spaces; and so on.
3.1. A conjecture of Suita.
In this subsection, we present a corollary of Theorem 2.2, which solves a con-
jecture of Suita on the equality condition in Suita’s conjecture on the comparison
between the Bergman kernel and the logarithmic capacity.
Let Ω be an open Riemann surface, which admits a nontrivial Green function GΩ.
Let w be a local coordinate on a neighborhood Vz0 of z0 ∈ Ω satisfying w(z0) = 0.
Let κΩ be the Bergman kernel for holomorphic (1, 0) forms on Ω. We define
BΩ(z)|dw|2 := κΩ(z)|Vz0 ,
and
BΩ(z, t¯)dw ⊗ dt¯ := κΩ(z, t¯)|Vz0 .
Let cβ(z) be the logarithmic capacity which is locally defined by
cβ(z0) := exp lim
ξ→z
(GΩ(z, z0)− log |w(z)|)
on Ω (see [47]).
Suita’s conjecture in [53] says that on any open Riemann surface Ω as above,
(cβ(z0))
2 ≤ πBΩ(z0).
The above conjecture was first proved for bounded planar domains by Blocki
[11, 12], and then by Guan-Zhou [29] for open Riemann surfaces. For earlier works,
see [61].
In the same paper [53], Suita also conjectured a necessary and sufficient condition
for the equality holding in his inequality:
A conjecture of Suita: (cβ(z0))
2 = πBΩ(z0), for z0 ∈ Ω if and only if Ω is
conformally equivalent to the unit disc less a (possible) closed set of inner capacity
zero.
In fact, a closed set of inner capacity zero is a polar set (locally singularity set
of a subharmonic function).
Using Theorem 2.2, we solve the conjecture of Suita:
Theorem 3.1. The above conjecture of Suita holds.
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3.2. L−conjecture.
In this subsection, we give a proof of L-conjecture.
Let Ω be an open Riemann surface which admits a nontrivial Green function
GΩ and is not biholomorphic to the unit disc less a (possible) closed set of inner
capacity zero.
Assume that GΩ(·, t) is an exhaustion function for any t ∈ Ω. Associated to the
Bergman kernel κΩ(z, t¯), one may define the adjoint L-kernel LΩ(z, t) :=
2
π
∂2GΩ(z,t)
∂z∂t
(see [48]). In [57], there is a conjecture on the zero points of the adjoint L-kernel
as follows:
L-Conjecture (LC): For any t ∈ Ω, ∃z ∈ Ω, we have LΩ(z, t) = 0.
It is known that, for finite Riemann surface Ω, GΩ(·, t) is an exhaustion function
for any t ∈ Ω (see [57]).
By Theorem 6 in [57], L-conjecture for finite Riemann surfaces is deduced from
the above conjecture of Suita.
Using Theorem 3.1, we solve the L−conjecture for any open Riemann surface
with exhaustion Green function:
Theorem 3.2. The above L−conjecture holds.
The following example shows that the assumption that GΩ(·, t) is an exhaustion
function for any t ∈ Ω is necessary.
Let m and p denote the numbers of the boundary contours and the genus of
Ω, respectively (see [54]). In fact, for any finite Riemann surface Ω, which is not
simply connected, the Bergman kernel κΩ(z, t¯) of Ω has exactly 2p +m − 1 zeros
for suitable t (see [54]).
Let Ω be an annulus, then we have 2p + m − 1 = 1 (see page 93, [48]). It is
known that #{z|LΩ(z, t) = 0}+#{z|κΩ(z, t¯) = 0} ≤ 4p+2m− 2 = 2 for all t ∈ Ω,
(see [54]). Note that κΩ(z, t¯) has exactly 2p+m− 1 = 1 zeros for suitable t. Using
Theorem 3.2, we have #{z|LΩ(z, t) = 0} = 1 = 4p+2m−2−1 for suitable t ∈ Ω. Let
t1 ∈ Ω satisfy #{z|LΩ(z, t1) = 0} = 1. Assume that z1 ∈ {z|LΩ(z, t1) = 0}. Note
that z1 6= t1. As GΩ\{z1} = GΩ|Ω\{z1}, then we have #{z|LΩ\{z1}(z, t1) = 0} = 0.
3.3. Extended Suita Conjecture.
Let Ω be an open Riemann surface, which admits a nontrivial Green function
GΩ. Take z0 ∈ Ω with a local coordinate z. Let p : ∆→ Ω be the universal covering
from unit disc ∆ to Ω.
We call the holomorphic function f (resp. holomorphic (1, 0) form F ) on ∆ is a
multiplicative function (resp. multiplicative differential (Prym differential)) if there
is a character χ, which is the representation of the fundamental group of Ω, such
that g∗f = χ(g)f (resp. g∗F = χ(g)F ), where |χ| = 1 and g is an element of the
fundamental group of Ω which naturally acts on the universal covering of Ω (see
[23]). Denote the set of such kinds of f (resp. F ) by Oχ(Ω)) (resp. Γχ(Ω)).
As p is a universal covering, then for any harmonic function hΩ on Ω, there exists
a χh and a multiplicative function fh ∈ Oχh(Ω)), such that |fh| = p∗ehΩ .
For Green function GΩ(·, z0), one can also find a χz0 and a multiplicative function
fz0 ∈ Oχz0 (Ω), such that |fz0 | = p∗eGΩ(·,z0).
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Because g∗|f | = |g∗f | = |χ(g)f | = |f | and g∗(F ∧ F¯ ) = g∗F ∧ g∗F = χ(g)F ∧
χ(g)F = F ∧ F¯ , it follows that |f | and F ∧ F¯ are fibre constant respect to p.
As F ∧ F¯ is fibre constant, one can define multiplicative Bergman kernel κχ(x, y¯)
for Γχ(Ω) on Ω× Ω. Let BχΩ(z)|dz|2 := κχΩ(z, z¯). The extended Suita conjecture is
formulated as follows ([57]):
Extended Suita Conjecture: c2β(z0) ≤ πBχΩ(z0), and equality holds if and only
if χ = χz0 .
The weighted Bergman kernel κΩ,ρ with weight ρ of holomorphic (1, 0) form
on a Riemann surface Ω is defined by κΩ,ρ :=
∑
i ei ⊗ e¯i, where {ei}i=1,2,··· are
holomorphic (1, 0) forms on Ω and satisfy
√−1 ∫
Ω
ρ ei√
2
∧ e¯j√
2
= δji .
Let Ω be an open Riemann surface which admits a Green function. Let hΩ be a
harmonic function on Ω, and ρ = e−2hΩ . Related to the weighted Bergman kernel,
there is an equivalent form of the extended Suita conjecture in [57]:
Conjecture: c2β(z0) ≤ πρ(z0)BΩ,ρ(z0), and the equality holds if and only if χ−h =
χz0 .
The reason of the equivalence between the above two conjectures is as follows:
By the above argument, we have f−1h p
∗ej ∈ Γχ−h . Note that {f−1h p∗ej}j=1,2,···
is the orthogonal basis of Γχ−h , then we have ρ(z0)BΩ,ρ(z0) = B
χ−h
Ω (z0).
It suffices to show that for any χ s.t. Γχ has a nonzero element F0, there is a
harmonic function h on Ω which satisfies χ = χh.
As Ω is noncompact, for F0 ∈ Γχ, one can find a holomorphic function h0 on Ω
such that F0p
∗h−10 does not have any zero point on ∆.
As Ω is noncompact, one can find a holomorphic (1, 0) form H0 on Ω such that
H0 does not have any zero point on Ω.
Then one obtains a holomorphic function f1 :=
F0p
∗h−10
p∗H−10
, which does not have
any zero point. It is clear that log |f1| is harmonic and fibre constant, which can
be seen as a harmonic function on Ω.
Note that f1 ∈ Oχ(Ω). Set h := log |f1|, then χh = χ. It is also easy to see
that the equality part of two conjectures are also equivalent. Then we prove the
equivalence of the two conjectures.
In [31], we have proved c2β(z0) ≤ πρ(z0)BΩ,ρ(z0). Combining this result in [31]
with Theorem 2.2, we completely solve the extended Suita conjecture:
Theorem 3.3. (a complete solution of the extended Suita conjecture)
c2β(z0) ≤ πρ(z0)BΩ,ρ(z0)
holds, and the equality holds if and only if χ−h = χz0 .
3.4. A question posed by Ohsawa.
Let Ω be a Stein manifold with a continuous volume form dVΩ. Let D be a
strongly pseudoconvex relatively compact domain in Ω, with C2 smooth plurisub-
harmonic defining function ρ. Let δ(z) be a distance induced by a Riemannian
metric from z to the boundary ∂D of D.
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Let H be a closed smooth complex hypersurface on Ω. Then there exists a
continuous function s on Ω, which satisfies
1). H = {s = 0};
2). s2 is a smooth function on Ω;
3). log |s| is a plurisubharmonic function on Ω;
4). for any point z ∈ H , there exists a local holomorphic defining function e of
H , such that 2 log |s| − 2 log |e| is continuous near z.
In fact, associated to the hypersurface H , there exists a holomorphic line bundle
LH on Ω with a smooth Hermitian metric hH and there is a holomorphic section f
of LH , such that {f = 0} = H and df |z 6= 0 for any z ∈ H . As Ω is Stein, then there
exits a smooth plurisubharmonic function s1 on Ω, which satisfies s1+log |f |hH is a
plurisubharmonic function on Ω. Let s := es1 |f |hH . Then we obtain the existence
of the function s.
Assuming that ∂D intersects with H transversally.
Let
A2α,ϕ(D) := {f ∈ Γ(D,KΩ)|
∫
D
e−ϕδα|f |2dVΩ <∞},
and
‖ f ‖2α,ϕ= (α+ 1)
∫
D
e−ϕδα|f |2dVΩ,
We put
A2−1,ϕ(D) := {f ∈ Γ(D,KΩ)| lim
αց−1
(1 + α)
∫
D
e−ϕδα|f |2dVΩ <∞},
and
‖ f ‖2−1,ϕ:= lim
αց−1
(1 + α)
∫
D
e−ϕδα|f |2dVΩ <∞.
In [14], when Ω is Cn and H is a smooth complex hypersurface, Diederich and
Herbort gave an L2 extension theorem from A2α+1,ϕ(D ∩ H) to A2α,ϕ(D), where
α > −1.
Theorem 3.4. [14] For any α > −1, the extension operator from A2α+1,ϕ(D ∩H)
to A2α,ϕ(D) is bounded.
In [43], Ohsawa gave an L2 extension theorem from A20,ϕ(D ∩H) to A2−1,ϕ(D),
which is called a limiting case.
Theorem 3.5. [43] The extension operator from A20,ϕ(D ∩ H) to A2−1,ϕ(D) is
bounded.
In [43], Ohsawa posed a question about unifying Diederich and Herbort’s theorem
with his theorem.
Using Theorem 2.1, we give the Ohsawa’s question an affirmative answer:
Theorem 3.6. Without assuming that ∂D intersects with H transversally. The
extension operator from A2α+1,ϕ(D ∩H) to A2α,ϕ(D) for every α > −1 has a bound
C0max{Cα1 , Cα2 }, where C0, C1 and C2 are positive constants, which are indepen-
dent of α (α > −1).
Consequently, the extension operator from A20,ϕ(D∩H) to A2−1,ϕ(D) is bounded.
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3.5. Application to a log- plurisubharmonicity of the Bergman kernel.
In this subsection, we give a relation between Theorem 2.2 and Berndtsson’s
theorem on log-plurisubharmonicity of Bergman kernel in the following framework:
Let M be a complex (n + m)-dimensional manifold fibred over complex m-
dimensional manifold Y with n-dimensional fibres, let p :M → Y be the projection
which satisfies, for any point t ∈ Y , there exists a unit disc ∆t ⊂ Y such that
(p−1(∆t), p−1(t)) satisfies condition (a, b). Let (L, h) be a semipositive holomor-
phic line bundle on M with Hermitian metric h over M .
There are two such examples:
1), M is a pseudoconvex domain inCn+m with coordinate (z1, · · · , zn, t1, · · · , tm),
Y is a domain in Cm with coordinate (t1, · · · , tm),
p((z1, · · · , zn, t1, · · · , tm)) = (t1, · · · , tm);
2), M is a projective family, and Y is a complex manifold, and p is a projection
map.
Let (z, t) be the coordinate of S × Bm, which is the local trivialization of the
fibration p with fibre S, and e be the local frame of L.
Let κMt be the Bergman kernel ofKMt⊗L onMt, and κMt := Bt(z)dz⊗e⊗dz¯⊗e¯
locally.
In this section, we prove that logBt(z) is plurisubharmonic with respect to (z, t),
using our result on L2 extension with optimal estimate. It should be noted that we
can not get the log-plurisubharmonicity without optimal estimate.
Without loss of generality, we assume that Y is 1-dimensional. Then (z, t) is the
coordinate of S ×∆1.
In order to show that logBt(z) is plurisubharmonic with respect to (z, t), we
need to check that for any complex line L on (z, t), logBt(z)|L is subharmonic. As
we can change the coordinate locally, we only need to check that for the complex
lines {t|(z, t)}. Then it suffices to check the submean value inequality for disc small
enough (see chapter 1 of [18]).
Consider the framework at the beginning of the present subsection. For any
point w0 ∈ M , there is a unit disc ∆p(w0) ⊂ Y , such that (p−1∆p(w0), p−1(p(w0)))
satisfies condition (a, b). Then we have that (p−1(∆1), p−1(p(w)) satisfies condition
(a, b) for any point w ∈ S ×∆1, by choosing ∆1 small enough.
For any given t, if κMt 6≡ 0, by extremal property of Bergman kernel, there exists
a holomorphic section ut of Kp−1(t) ⊗ L on p−1(t) such that
Bt(z) =
|g(z, t)|2∫
Mt
1
2n {ut, ut}
,
where ut = g(z, t)dz ⊗ e on (z, t).
If logBt0(z) = −∞, we are done. Then we can assume that
Bt0(z) =
|g(z)|2∫
Mt0
1
2n {ut0 , ut0}h
,
where ut0 is a holomorphic section of Kp−1(t0)⊗L on p−1(t0), and ut0 = g(z)dz⊗ e
on (z, t).
Let ∆r be the unit disc with center (z, t0) and radius r on the line {t|(z, t)}.
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In Theorem 2.2, let Ψ = log |t|2 and cA ≡ 1 where A = 2 log r, we obtain a
holomorphic section u˜ on p−1(p(∆r)) such that∫
Mt0
{ut0 , ut0}2h ≥
1
πr2
∫
∆r
∫
Mt
{ u˜
dt
|Mt ,
u˜
dt
|Mt}hdλ∆r (t), (3.1)
where u˜ = g˜(z, t)dz ∧ dt⊗ e on (z, t) and g˜(z, t0) = g(z).
Using extremal property of the Bergman kernel, we have
Bt(z) ≥ |g˜(z, t)|
2∫
Mt
1
2n { u˜dt |Mt , u˜dt |Mt}h
,
for any (z, t) ∈ ∆r, if
∫
Mt
{ u˜dt |Mt , u˜dt |Mt}h 6= 0.
Note that the Lebesgue measure of {t| ∫
Mt
{ u˜dt |Mt , u˜dt |Mt}h = 0} is zero. Using
convexity of function y = ex and inequality 3.1, we have
e2 log |g(z)|−logBt0 (z) =
|g(z)|2
Bt0(z)
≥ e 1pir2
∫
∆r
(2 log |g˜(z,t)|−logBt(z))dλ∆1(t). (3.2)
Since log |g˜| is a plurisubharmonic function, then we obtain the relation to log-
plurisubharmonicity of the Bergman kernel:
Corollary 3.7. logBt(z) is a plurisubharmonic function with respect to (z, t).
The above result is due to [5] and [3] in the case of example 1), and due to [8]
in the case of example 2).
3.6. Lp extension theorems with optimal estimates and Ohsawa’s ques-
tion.
Denote by the smooth form dVM = e
−ϕcndz ∧ dz¯ on the local coordinate z =
(z1, · · · , zn).
Using Theorem 2.1 (resp. Theorem 5.2) and similar method as in the proof of
Proposition 0.2 in [9] (see also [7]), we obtain an Lp (0 < p < 2) extension theorem
with optimal estimate:
Theorem 3.8. Let M be a Stein manifold, and S be a closed complex submanifold
of M . Let h be a smooth metric on a holomorphic line bundle L on M (resp.
holomorphic line bundle L with locally integrable singular metric h), which satisfies
1),
√−1p2Θh + 2−p2
√−1∂∂¯ϕ+√−1∂∂¯Ψ ≥ 0 on M \ S,
2), a(−Ψ)(p2
√−1Θh+ 2−p2
√−1∂∂¯ϕ+√−1∂∂¯Ψ)+√−1∂∂¯Ψ ≥ 0 on M \S, where
a and Ψ are as in Theorem 2.1 (resp.
1), p2
√−1Θh + 2−p2
√−1∂∂¯ϕ+√−1∂∂¯Ψ ≥ 0 in the sense of currents on M \ S,
2), p2
√−1Θh + 2−p2
√−1∂∂¯ϕ + (1 + δ)√−1∂∂¯Ψ ≥ 0 in the sense of currents on
M \ S, where Ψ is as in Theorem 5.2).
Then for any holomorphic section f of KM ⊗ L|S on S satisfying
n∑
k=1
πk
k!
∫
Sn−k
|f |phdVM [Ψ] = 1, (3.3)
there exists a holomorphic section F of KM ⊗ L on M satisfying F = f on S and∫
M
cA(−Ψ)|F |phdVM ≤
1
δ
cA(−A)eA +
∫ ∞
−A
cA(t)e
−tdt, (3.4)
where cA(t) is as in Theorem 2.1 (resp. Theorem 5.2).
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By the similar method as in the proof of Theorem 3.6 and assume
h = e−
2
p
(ϕ−α log(−r+ε0|s|2)),
and
dVM = cne
−ϕΩdz ∧ dz¯,
where ϕΩ is a smooth plurisubharmonic function on Ω we answer the above men-
tioned Ohsawa’s question for any p (0 < p < 2) as follows:
Theorem 3.9. Without assuming that ∂D intersects with H transversally. The
extension operator from Apα+1,ϕ(D ∩H) to Apα,ϕ(D) for each α > −1 has a bound
C0max{Cα1 , Cα2 }, where C0, C1 and C2 are positive constants, which are indepen-
dent of α, α > −1.
Consequently, the extension operator from Ap0,ϕ(D∩H) to Ap−1,ϕ(D) is bounded.
3.7. L
2
m extension theorems with optimal estimates on Stein manifolds.
Replace L by (m − 1)KM + L. Take eϕ as the Hermitian metric on KM . Let
p = 2m .
Using Theorem 3.8, we give an optimal estimate of the L
2
m extension theorem:
Theorem 3.10. Let M be a Stein manifold and S be a closed complex submanifold
on M . Let h be a smooth metric on a holomorphic line bundle L on M (resp.
holomorphic line bundle L with locally integrable singular metric h), which satisfies
1), 1m
√−1Θh +
√−1∂∂¯Ψ ≥ 0 on M \ S,
2), a(−Ψ)( 1m
√−1Θh +
√−1∂∂¯Ψ) +√−1∂∂¯Ψ ≥ 0 on M \ S, where a is as in
Theorem 2.1 (resp.
1), 1m
√−1Θh +
√−1∂∂¯Ψ ≥ 0 in the sense of currents on M \ S,
2), 1m
√−1Θh + (1 + δ)
√−1∂∂¯Ψ ≥ 0 in the sense of currents on M \ S,).
Then for any holomorphic section f of KmM ⊗ L|S on S satisfying
n∑
k=1
πk
k!
∫
Sn−k
|f |
2
m
h dVM [Ψ] = 1, (3.5)
there exists a holomorphic section F of mKM ⊗L on M satisfying F = f on S and∫
M
cA(−Ψ)|F |
2
m
h dVM ≤
1
δ
cA(−A)eA +
∫ ∞
−A
cA(t)e
−tdt, (3.6)
where cA(t) is as in Theorem 2.1 (resp. Theorem 5.2).
Using the arguments in subsection 3.5, we obtain the relation to log-plurisubharmonicity
of the fiberwise m-Bergman kernels on Stein manifolds (see [9] or [7]).
3.8. Interpolation hypersurfaces in Bargmann-Fock space.
In this subsection, we give an application of Theorem 3.8 to a generalization of
interpolation hypersurfaces in Bargmann-Fock space (see [45]).
We say that W is a uniformly flat submanifold in Cn (the case of hypersurface
is referred to [45]), if there exists T , which is a plurisubharmonic polar function of
W on Cn, such that (∂∂¯T ∗ 1B(0,r)V ol(B(0,r)))(z) has a uniform upper bound on Cn which
is independent of z ∈ Cn and r.
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We say that W is an interpolation submanifold if for each f ∈ bfpϕ there exists
F ∈ BFpϕ such that F |W = f , where the plurisubharmonic function ϕ satisfies√−1∂∂¯ϕ ≃ ω = √−1∂∂¯|z|2,
where
bfpϕ := {f ∈ O(W ) :
∫
W
|f |pe−pϕωn−1 < +∞},
and
BFpϕ := {F ∈ O(Cn) :
∫
Cn
|F |pe−pϕωn < +∞}.
Let T be a plurisubharmonic function in #(W ) ∩ C∞(Cn \W ), for any z ∈ Cn
and r > 0, consider the (1, 1) form
ΥW,T (z, r) :=
n∑
i,j=1
(
1
V ol(B(z, r))
∫
B(z,r)
∂2 log |T |
∂ξi∂ξ¯j
ωn(ξ))
√−1dzi ∧ dz¯j.
The density of W in the ball of radius r and center z is
D(W,T, z, r) := sup{ΥW,T (z, r)(v, v)√−1∂∂¯ϕr(v, v)
:= v ∈ TCn,z − {0}},
where ϕr := ϕ ∗ 1B(0,r)V ol(B(0,r)) .
The upper density of W is
D+(W ) := sup
T
lim sup
r→∞
sup
z∈Cn
D(W,T, z, r).
In [45], one of the main results is:
Theorem 3.11. [45] LetW be a uniformly flat hypersurface. Let p ≥ 2. If D+ < 1,
then W is an interpolation hypersurface.
Using Theorem 3.8, we obtain a sufficient condition for interpolation submanifold
in Bargmann-Fock space for p ≤ 2:
Theorem 3.12. LetW be a uniformly flat submanifold. Let 0 < p ≤ 2. If D+ < p2 ,
then W is an interpolation submanifold.
3.9. Optimal estimate of L2 extension theorem of Ohsawa.
In this subsection, we give some applications of Theorem 2.2 by giving optimal
estimate of the L2 extension theorem of Ohsawa in [38]. Assume that (M,S)
satisfies condition (ab).
Let c∞(t) := (1 + e−
t
m )−m−ε, where ε be a positive constant. It is clear that∫∞
−∞ c∞(t)e
−tdt = m
∑m−1
j=0 C
j
m−1(−1)m−1−j 1m−1−j+ε <∞.
Using Remark 4.12, we obtain that inequality 2.4 holds for any t ∈ (−∞,+∞).
Let Ψ = m log(|g1|2 + · · · + |gm|2), where S = {g1 = · · · = gm = 0}, gi are
holomorphic functions on M , which satisfies ∧mj=1dgj |Sreg 6= 0.
Using Theorem 2.2 and Lemma 4.14, we obtain an optimal estimate version of
the main result in [38] as follows:
Corollary 3.13. For any holomorphic section f of KSreg⊗E|Sreg on Sreg satisfying
πm
m!
∫
Sreg
{f, f}h <∞,
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there exists a holomorphic section F of KM ⊗E on M satisfying F = f ∧
∧m
k=1 dgk
on Sreg and∫
M
(1 + |g1|2 + · · ·+ |gm|2)−m−ε{F, F}h
≤ C(m
m−1∑
j=0
Cjm−1(−1)m−1−j
1
m− 1− j + ε )
(2π)m
m!
∫
Sreg
{f, f}h,
where the uniform constant C = 1, which is optimal for any m.
When M is Stein, for any plurisubharmomic function ϕ on M, we can choose a
sequence of smooth plurisubharmomic functions {ϕk}k=1,2,···, which is decreasingly
convergent to ϕ. Then the above corollary gives optimal estimate version of the
main theorem in [38].
Let c∞(t) := (1 + e−t)−1−ε, where ε is a positive constant. Using Remark 4.12,
we obtain that inequality 2.4 holds for any t ∈ (−∞,+∞). Let Ψ = m log(|g1|2 +
· · ·+ |gm|2), where S = {g1 = · · · = gm = 0}, gi are the same as in Corollary 3.13.
Using Theorem 2.2 and Lemma 4.14, we can formulate a similar version to the
above corollary with more concise estimate:
Corollary 3.14. For any holomorphic section f of KSreg⊗E|Sreg on Sreg satisfying
πm
m!
∫
Sreg
{f, f}h <∞,
there exists a holomorphic section F of KM ⊗E on M satisfying F = f ∧
∧m
k=1 dgk
on S and∫
M
(1 + (|g1|2 + · · ·+ |gm|2)m)−1−ε{F, F}h ≤ C1
ε
(2π)m
m!
∫
Sreg
{f, f}h,
where uniform constant C = 1, which is optimal.
Let M be a Stein manifold, and S be an analytic hypersurface on M , which is
locally defined by {wj = 0} on Uj ⊂ M , where {Uj}j=1,2,··· is an open covering
of M , and functions {wj}j=1,2,··· together give a nonzero holomorphic section w of
the holomorphic line bundle [S] associated to S(see [27]).
Let | · | be a Hermitian metric on [S] satisfying that | · |e−ψ is semi-negative, where
ψ is an upper-semicontinuous function on M . Assume that log(|w|2) + ψ < 0 on
M . Let ϕ be a plurisubharmonic function.
Let Ψ := log(|w|2) + ψ. Note that Ψ is plurisubharmonic. Using Lemma 4.14,
we have
|F |2dVM [Ψ] = 2
cn−1 Fdw ∧ F¯dw
|dw|2 e
−ψ,
for any continuous (n, 0) form F on M , where |dw| is the Hermitian metric on
[−S]|Sreg induced by Hermitian metric | · | on [S]|Sreg .
Let c0(t) := 1. It is easy to see that
∫∞
0
c0(t)e
−tdt = 1 < ∞ and c0(t)e−t is
decreasing with respect to t, and inequality 2.4 holds for any t ∈ (−∞,+∞).
Using Theorem 2.2, we obtain another proof of the following result in [29], which
is an optimal estimate version of main results in [39], [28] and [61], etc.
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Corollary 3.15. [29] For any holomorphic section f of KSreg on Sreg satisfying
cn−1
∫
Sreg
f ∧ f¯
|dw|2 e
−ϕ−ψ <∞,
there exists a holomorphic section F of KM on M satisfying F = f ∧ dw on Sreg
and
cn
∫
M
F ∧ F¯ e−ϕ ≤ 2πCcn−1
∫
Sreg
f ∧ f¯
|dw|2 e
−ϕ−ψ,
where the uniform constant C = 1, which is optimal.
When w is a holomorphic function on M , the above corollary is an optimal
estimate version of the L2 extension theorems in [36], [39], [49], [2], [17], [4], [19],
[28], [61], [11], etc.
3.10. Optimal constant version of L2 extension theorems of Manivel and
Demailly.
Theorem 3.16. ([36] and [17]) Let (X, g) be a Stein n-dimensional manifold pos-
sessing a Ka¨hler metric g, and let L (resp. E) be a Hermitian holomorphic line
bundle (resp. a Hermitian holomorphic vector bundle of rank r over X), and w be
a global holomorphic section of E. Assume that w is generically transverse to the
zero section, and let
H = {x ∈ X : w(x) = 0, ∧rdw(x) 6= 0}.
Moreover, assume that the (1, 1)-form
√−1Θ(L)+ r√−1∂∂¯ log |w|2 is semipositive
and that there is a continuous function α ≥ 1 such that the following two inequalities
hold everywhere on X:
(a)
√−1Θ(L) + r√−1∂∂¯ log |w|2 ≥ {
√−1Θ(E)w,w}
α|w|2 ,
(b) |w| ≤ e−α.
Then for every holomorphic section f of ∧nT ∗X ⊗ L over H, such that∫
H
|f |2| ∧r (dw)|−2dVH < +∞,
there exists a holomorphic extension F to X such that F
∣∣
H
= f and∫
X
|F |2
|w|2r(− log |w|)2 dVX ≤ C
3r
4
(2π)r
r!
∫
H
|f |2
| ∧r (dw)|2 dVH , (3.7)
where C is a uniform constant depending only on r.
Using Theorem 2.1, we obtain the following
Corollary 3.17. Theorem 3.16 holds with the optimal constant C = 1 in the
estimate 3.7.
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3.11. Optimal estimate for L2 extension theorems of McNeal and Varolin.
In [37], McNeal and Varolin defined a function class D.
Definition 3.18. The class D consists of nonnegative functions with the following
three properties.
(I) Each g ∈ D is continuous and increasing.
(II) For each g ∈ D the improper integral
C(g) =
∫ ∞
1
dt
g(t)
< +∞.
For δ > 0, set
Hδ(y) =
1
1 + δ
(
1 +
δ
C(g)
∫ y
1
dt
g(t)
)
,
and note that this function takes values in (0, 1]. Let
gδ(x) =
∫ x
1
1−Hδ(y)
Hδ(y)
dy.
(III) For each g ∈ D there exists a constant δ > 0 such that
Kδ(g) = sup
x≥1
x+ gδ(x)
g(x)
< +∞.
The extension theorem proved by McNeal and Varolin is stated as below.
Theorem 3.19. Let X be a Ka¨hler manifold of complex dimension n. Assume there
exists a holomorphic function w on X, such that sup
X
|w| = 1 and dw is never zero
on the set H = {w = 0}. Assume there exists an analytic subvariety V ⊂ X such
that H is not contained in V and X\V is Stein. Let L be a holomorphic line bundle
over X together with a singular Hermitian metric. Let ψ : X −→ [−∞,+∞] be a
locally integrable function such that for any local representative e−ϕ of the metric of
L over an open set U , the function ψ+ ϕ is not identically +∞ or −∞ on H ∩U .
Let g be a function in D. Assume that ψ satisfies that for all γ > 1 and ε > 0
sufficiently small (depending on γ − 1),
√−1∂∂¯(ϕ+ ψ + log |w|2) ≥ 0,
g−1
(
e−ψg(1− log |w|2)) ≥ 1 and
α− g−1(e−ψg(α)) is plurisubharmonic,
where α = γ − log(|w|2 + ε2). Then for any holomorphic (n − 1)-form f ∈
C∞(H,∧n−1T ∗H ⊗ L) on H with values in L such that∫
H
{f, f}e−ϕ−ψ dVH < +∞,
there is a holomorphic n-form F ∈ C∞(X,∧nT ∗X ⊗ L) with value in L such that
F
∣∣
H
= f ∧ dw and∫
X
{F, F}e−ϕ
|w|2g( log e|w|2 ) dVX ≤ 2
π
e
CC(g)
∫
H
{f, f}e−ϕ−ψ dVH , (3.8)
A SOLUTION OF AN L2 EXTENSION PROBLEM WITH OPTIMAL ESTIMATE 17
where C = 4
(
Kδ(g)+
1+δ
δ
C(g)
)
C(g)
By Theorem 2.2, it follows that
Corollary 3.20. Theorem 3.19 holds with the optimal constant C = 1 in the
estimate 3.8, and g only needs to satisfy (I) and (II).
In section 3 of [37], McNeal and Varolin gave various cases of extension theorems
with gains. We give optimal estimates of their extension theorems:
Let g(t) := 1cA(t)e−t , where g : [1,+∞] → [0,+∞] is in [37], A = −1. Let
Ψ = log |w|2.
Using Corollary 3.20, we obtain optimal estimates for all extension theorems in
section 3 of [37].
3.12. Optimal estimate for an L2 extension theorem on projective fami-
lies.
In [51], [46] and [6], one has an L2 extension theorem on projective families:
Theorem 3.21. Let M be a projective family fibred over the unit ball in Cm, with
compact fibers Mt. Let (L, h) be a holomorphic line bundle on M with a smooth
hermitian metric h of semipositive curvature. Let u be a holomorphic section of
KM0 ⊗ L over M0 such that ∫
M0
{u, u}h ≤ 1.
Then there is a holomorphic section u˜ of KM ⊗L over M such that u˜|M0 = u∧ dt,
and ∫
M
{u˜, u˜}h ≤ Cb. (3.9)
In [46], one can take Cb < 200.
In Theorem 2.2, take cA = 1 and let Ψ := 2m log |t|, we obtain an optimal
estimate of the above L2 extension theorem:
Corollary 3.22. Theorem 3.21 holds with Cb =
2mπm
m! , which is optimal.
3.13. Optimal estimate for an L2 extension theorem of Demailly, Hacon
and Pa˘un.
In [20], Demailly, Hacon and Pa˘un gave an L2 extension theorem in the following
framework:
LetM be a Stein manifold and S be a closed complex submanifold with globally
defining function w.
Let ϕF , ϕG1 and ϕG2 be plurisubharmonic functions on M .
Let ϕS := ϕG1 − ϕG2 . Assume that αϕF − ϕS is plurisubharmonic on M ,
|w|2e−ϕS ≤ e−α, and ϕF ≤ ε0ϕG2 + C on M , where α ≥ 1, ε0 > 1 and C are all
real numbers.
Let ϕ¯S be a smooth function on M , such that maxM |w|2e−ϕ¯S <∞.
Demailly-Hacon-Pa˘un’s L2 extension theorem is as follows:
Theorem 3.23. [20] Let u be a section of KS satisfying∫
S
{u, u}e−ϕF <∞.
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Then there exists a section U of KM , such that U |S = u ∧ dw and∫
M
{U,U}e−bϕS−(1−b)ϕ¯S−ϕF ≤ Cb
∫
S
{u, u}e−ϕF , (3.10)
where 1 ≥ b > 0 is an arbitrary real number, and the constant
Cb = C0b
−2(max
M
|w|2e−ϕ¯S)1−b
where C0 depends only on the dimension.
Using Theorem 2.1, we obtain an optimal estimate of the above extension theo-
rem:
Corollary 3.24. Theorem 3.23 holds with
Cb = 2π(αe
−bα +
1
b
e−bα)(max
M
|w|2e−ϕ¯S)1−b,
which is optimal, without assuming that ϕF ≤ ε0ϕG2 + C on M .
4. Some results used in the proof of main results and applications
In this section, we give some lemmas which will be used in the proofs of main
theorems and corollaries of the present paper.
4.1. Some results used in the proofs the main results.
In this subsection, we recall some lemmas on L2 estimates for some ∂¯ equations
and give some useful lemmas. Denote by ∂¯∗ or D′′∗ means the Hilbert adjoint
operator of ∂¯.
Lemma 4.1. (see [39] or [44]) Let (X,ω) be a Ka¨hler manifold of dimension n with
a Ka¨hler metric ω. Let (E, h) be a hermitian holomorphic vector bundle. Let η, g >
0 be smooth functions on X. Then for every form α ∈ D(X,Λn,qT ∗X ⊗ E), which
is the space of smooth differential forms with values in E with compact support, we
have
‖(η + g−1) 12D′′∗α‖2 + ‖η 12D′′α‖2
≥≪ [η√−1ΘE −
√−1∂∂¯η −√−1g∂η ∧ ∂¯η,Λω]α, α≫ .
(4.1)
Lemma 4.2. Let X and E be as in the above lemma and θ be a continuous (1, 0)
form on X. Then we have
[
√−1θ ∧ θ¯,Λω]α = θ¯ ∧ (αx(θ¯)♯
)
,
for any (n, 1) form α with value in E. Moveover, for any positive (1, 1) form β, we
have [β,Λω] is semipositive.
Proof. For any x ∈ X , we choose a local coordinate (z1, · · · , zn) near x, such that
1), θ|x = adz1;
2), ω|x =
√−1dz1 ∧ dz¯1 + · · ·+
√−1dzn ∧ dz¯n.
It suffices to prove [
√−1dz1 ∧ dz¯1,Λω]α = dz¯1 ∧ (αx(dz¯1)♯
)
.
At x, we have Λωα = (αx(
√−1dz1∧dz¯1+ · · ·+
√−1dzn∧dz¯n)♯
)
. It is clear that√−1dz1 ∧ dz¯1 ∧ Λωα =
√−1dz1 ∧ dz¯1 ∧ (αx(
√−1dz1 ∧ dz¯1)♯
)
.
Let α|x = αjej =
∑n
k=1 α
j
k
∧n
l=1 dzl ∧ dz¯k ⊗ ej, where {ej} is an orthonormal
basis of Ex.
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Then we have (αx(
√−1dz1 ∧ dz¯1)♯
)|x = −√−1(−1)n−1αj1∧nl=2 dzl ⊗ ej , and
[
√−1dz1 ∧ dz¯1,Λω]α =
√−1dz1 ∧ dz¯1 ∧ (Λωα)
=αj1
n∧
l=1
dzl ∧ dz¯1 ⊗ ej
=dz¯1 ∧ (αx(dz¯1)♯
)
(4.2)

Lemma 4.3. (see [17, 19]) Let X be a complete Ka¨hler manifold equipped with a
(non necessarily complete) Ka¨hler metric ω, and let E be a Hermitian vector bundle
over X. Assume that there are smooth and bounded functions η, g > 0 on X such
that the (Hermitian) curvature operator
B := [η
√−1ΘE −
√−1∂∂¯η −√−1g∂η ∧ ∂¯η,Λω]
is positive definite everywhere on Λn,qT ∗X⊗E, for some q ≥ 1. Then for every form
λ ∈ L2(X,Λn,qT ∗X ⊗ E) such that D′′λ = 0 and
∫
X〈B−1λ, λ〉dVω <∞, there exists
u ∈ L2(X,Λn,q−1T ∗X ⊗ E) such that D′′u = λ and∫
X
(η + g−1)−1|u|2dVω ≤
∫
X
〈B−1λ, λ〉dVω .
For any point x ∈ S, we have a neighborhood Ux ⊂M of x and a biholomorphic
map p from Ux to ∆
n, such that p(Ux ∩ S) = ∆dimSx , and p(Ux \ S) = ∆dimSx ×
(∆codimSx)∗. Then we can use the following lemma to study high dimension cases:
Lemma 4.4. Let ∆ be the unit disc, and ∆r be the disc with radius r. Then for
any holomorphic function f on ∆, which satisfies∫
∆
|f |2dλ <∞,
we have a uniformly constant Cr =
1
1−r2 , which is only dependent on r, such that∫
∆
|f |2dλ ≤ Cr
∫
∆\∆r
|f |2dλ,
where λ is the Lebesgue measure on C.
Proof. By Taylor expansion at o ∈ C, it suffices to check the Lemma for f = zj.
By some simple calculations, the Lemma follows. 
Let L2h(M) := {F |F ∈ Λn,0T ∗M ⊗ E,
∫
M
{F, F}h <∞}.
We now discuss the convergence of holomorphic (n, 0) forms with values in E as
follows:
Lemma 4.5. Let M be a complex manifold with dimension n and a continuous
volume form dVM . Let E be a holomorphic vector bundle with rank r and h be a
Hermitian metric on E. Let {Fj}j=1,2,··· be a sequence of holomorphic (n, 0) forms
with values in E. Assume that for any compact subset K of M , there exists a
constant CK > 0, such that ∫
K
|Fj |2hdVM ≤ CK (4.3)
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holds for any j = 1, 2, · · · . Then we have a subsequence of {Fj}j=1,2,···, which is
uniformly convergent to a holomorphic section of KM ⊗ E on any compact subset
of M .
Proof. We can choose a covering {Ui}i=1,2,··· of M , which satisfies
1), Ui ⊂⊂M , and ∃Ki ⊂⊂ Ui, such that ∪∞i=1Ki =M ;
2), E|Ui is trivial with holomorphic basis ei1, · · · , eir;
3), KM |Ui is trivial with holomorphic basis vi.
Then we may write Fj |Ui = fkj,ieik ⊗ vi, where fkj,i are holomorphic functions on
Ui. As h is a Hermitian metric and Ui ⊂⊂ M , there exists a constant BK > 0,
such that ∑
1≤k,l≤r
h(eik, e
i
l)f
k
j,if¯
l
j,i ≥ BK
r∑
k=1
|fkj,i|2.
By inequality 4.3, it follows that∫
Uj
r∑
k=1
|fkj,i|2cnvi ∧ v¯i ≤
CK
BK
, (4.4)
for any j = 1, 2, · · · .
We can obtain a subsequence of {Fj}j=1,2,··· which is uniformly convergent on
any compact subset of M by the following steps:
1),On U1, by inequality 4.4, we can obtain subsequence {F ′1j}j=1,2,··· of {Fj}j=1,2,···
which is uniformly convergent on K1;
2),On U2, by inequality 4.4, we can obtain subsequence {F ′2j}j=1,2,··· of {F ′1,j}j=1,2,···
which is uniformly convergent on K2;
3),On U3, by inequality 4.4, we can obtain subsequence {F ′3j}j=1,2,··· of {F ′2,j}j=1,2,···
which is uniformly convergent on K3;
· · ·
As the transition matrix of E is invertible, we see that {F ′jj}j=1,2,··· is uniformly
convergent on any compact subset of M . Thus we have proved the Lemma.

Lemma 4.6. Let M be a complex manifold. Let S be a closed complex submanifold
of M . Let {Uj}j=1,2,··· be a sequence of open subsets on M , which satisfies
U1 ⊂ U2 ⊂ · · · ⊂ Uj ⊂ Uj+1 ⊂ · · · ,
and
⋃∞
j=1 Uj =M \ S. Let {Vj}j=1,2,··· be a sequence of open subsets on M , which
satisfies
V1 ⊂ V2 ⊂ · · · ⊂ Vj ⊂ Vj+1 ⊂ · · · ,
Vj ⊃ Uj, and
⋃∞
j=1 Vj =M .
Let {gj}j=1,2,··· be a sequence of positive Lebesgue measurable functions on Uk,
which satisfies that gj are almost everywhere convergent to g on any compact subset
of Uk (j ≥ k), and gj have uniformly positive lower and upper bounds on any
compact subset of Uk (j ≥ k), where g is a positive Lebesgue measurable function
on M \ S.
Let E be a holomorphic vector bundle on M , with Hermitian metric h. Let
{Fj}j=1,2,··· be a sequence of holomorphic (n, 0) form on Vj with values in E. As-
sume that limj→∞
∫
Uj
{Fj , Fj}hgj = C, where C is a positive constant.
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Then there exists a subsequence {Fjl}l=1,2,··· of {Fj}j=1,2,···, which satisfies that
{Fjl} is uniformly convergent to an (n, 0) form F on M with value in E on any
compact subset of M when l → +∞, such that∫
M
{F, F}hg ≤ C.
Proof. As lim infj→∞
∫
Uj
{Fj , Fj}hgj = C <∞, it follows that there exists a subse-
quence of {Fj}, denoted still by Fj without ambiguity, such that limj→∞
∫
Uj
{Fj , Fj}hgj =
C.
By Lemma 4.4, for any compact set Kk ⊂⊂ M , it follows that there exists
K˜jk ⊂⊂M \ S, which satisfies K˜jk ⊂ Ujk , and∫
Kk
{Fj , Fj}h ≤ Ck
∫
K˜jk
{Fj , Fj}hgj,
for any j ≥ jk, where Ck is a constant which is only dependent on k.
Using Lemma 4.5, we have a subsequence of Fj , which is uniformly convergent
on K◦k , denoted still by Fj without ambiguity. Assume
⋃∞
k=1K
◦
k =M , and Kk ⊂⊂
Kk+1.
Using diagonal method for k, we obtain a subsequence of Fj , denoted by Fj
without ambiguity, which is uniformly convergent to a holomorphic (n, 0) form F
with value in E on any compact subset of M .
Given K˜ ⊂⊂ M \ S, as {Fj} (resp. gj) is uniformly convergent to F (resp.
g) for j ≥ kK˜ , we have
∫
K
{F, F}hg ≤ limj→∞
∫
Uj
{Fj , Fj}hgj , where kK˜ satisfies
UkK˜ ⊃ K˜. It is clear that
∫
M{F, F}hg ≤ limj→∞
∫
Uj
{Fj , Fj}hgj . 
We now give a remark to illustrate the extension properties of holomorphic sec-
tions of holomorphic vector bundles from M \X to M .
Remark 4.7. Let (M,S) satisfy condition (ab), h be a singular metric on a holo-
morphic line bundle L onM (resp. continuous metric on holomorphic vector bundle
E on M with rank r) such tah h has locally a positive lower bound. Let F be a
holomorphic section of KM\X ⊗ E|M\X , which satisfies
∫
M\X |F |2h < ∞. As h
has locally a positive lower bound and M satisfies (a) of condition (ab), there is a
holomorphic section F˜ of KM ⊗ L on M (resp. KM ⊗ E), such that F˜ |M\X = F .
We now give an approximation property of the function cA(t) (A < +∞) as
follows.
Lemma 4.8. Let cA(t) be a positive function in C
∞((−A,+∞)), which satisfies∫∞
−A cA(t)e
−tdt <∞ and inequality 2.4, for any t ∈ (−A,+∞). Then there exists a
sequence of positive C∞ smooth functions {cA,m(t)}m=1,2,··· on (−A,+∞), which
satisfies:
1). cA,m(t) are continuous near +∞ and limt→+∞ cA,m(t) > 0;
2). cA,m(t) are uniformly convergent to cA(t) on any compact subset of (−A,+∞),
when m goes to ∞;
3).
∫∞
−A cA,m(t)e
−tdt is convergent to
∫∞
−A cA(t)e
−tdt when m approaches to ∞;
4). for any t ∈ (−A,+∞),
(
∫ t
−A
cA,m(t1)e
−t1dt1)2 > cA,m(t)e−t
∫ t
−A
∫ t2
−A
cA,m(t1)e
−t1dt1dt2,
holds.
22 QI’AN GUAN AND XIANGYU ZHOU
Proof. We give a construction of cA,m.
Firstly, we consider the case that A < +∞.
Let gB(t) := cA(t) when t ∈ (−A,−A + B], we can choose gB(t), which is
a positive continuous decreasing function on t ∈ [−A + B,∞), and smooth on
(−A+B,∞), which satisfies limt→+∞ gB(t) > 0, such that∫ ∞
−A+B
gB(t)e
−tdt < B−1, (4.5)
where B > 0.
As gB(t) = cA(t) when t ∈ (−A,−A+B), we have
(
∫ t
−A
gB(t1)e
−t1dt1)2 > gB(t)e−t
∫ t
−A
∫ t2
−A
gB(t1)e
−t1dt1dt2, (4.6)
holds for any t ∈ (−A,−A+B). As gB(t) is decreasing on [−A+B,+∞), it is clear
that inequality 4.6 holds for any t ∈ (−A,+∞), and limB→+∞
∫∞
−A gB(t)e
−tdt =∫∞
−A cA(t)dt by inequality 4.5.
Given εB small enough, such that [−A+B − εB,−A+B + εB] ⊂⊂ (−A,+∞),
one can find a sequence of functions {gB,j(t)}j=1,2,··· in C∞(−A,+∞), satisfying
gB,j(t) = gB(t) when t /∈ [−A+B−εB,−A+B+εB], which is uniformly convergent
to GB. Then it is clear that for j big enough
(
∫ t
−A
gB,j(t1)e
−t1dt1)2 > gB,j(t)e−t
∫ t
−A
∫ t2
−A
gB,j(t1)e
−t1dt1dt2,
holds for any t ∈ (−A,+∞).
For any given B, we can choose jB large enough such that
1).|
∫ ∞
−A
gB,jB (t)e
−tdt−
∫ ∞
−A
gB(t)dt| < B−1;
2). max
t∈(−A,+∞)
|gB,jB (t)− gB(t)| < B−1;
3).(
∫ t
−A
gB,jB (t1)e
−t1dt1)2 > gB,jB (t)e
−t
∫ t
−A
∫ t2
−A
gB,jB (t1)e
−t1dt1dt2,
∀t ∈ (−A,+∞).
(4.7)
Let cA,m := gm,jm , thus we have proved the case that A < +∞.
Secondly, we consider the case that A = +∞. Let gB(t) := c∞(t) when t ∈
(−∞, B), gB(t) := c∞(B) when t ∈ [B,∞), where B > 0.
Using the same construction as the case A < +∞, we obtain the the case that
A = +∞. 
Remark 4.9. Let cA(t) be the positive function in Theorem 2.1 and 5.2. By the
construction in the proof of the above lemma, one can choose a sequence of pos-
itive smooth functions {cA,m(t)}m=1,2,··· on (−A,+∞), which are continuous on
[−A,+∞] and uniformly convergent to cA(t) on any compact subset of (−A,+∞),
and satisfying the same conditions as cA(t) in Theorem 2.1 and 5.2, such that∫∞
−A cA,m(t)e
−tdt + 1δ cA,m(−A)eA are convergent to
∫∞
−A cA(t)e
−tdt + 1δ cA(−A)eA
when m goes to ∞.
In fact, we may replace smoothness of cA(t) by continuity:
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Remark 4.10. Using partition of unity {ρj}j on (−A,+∞) and smoothing for
ρjcA, we can replace smoothness of cA(t) by continuity in Lemma 4.8.
Now we introduce a relationship between inequality 2.4 and 2.1.
Lemma 4.11. Let cA(t) satisfy
∫ +∞
−A cA(t)e
−tdt < ∞ and inequality 2.4 (A ∈
(−∞,+∞]). For each A′ < A, there exists A′′ and δ′′ > 0, such that A > A′′ > A′
and there exists cA′′(t) ∈ C0([−A′′,+∞)) satisfying
1), cA′′(t) = cA(t)|[−A′,+∞);
2),
∫ +∞
−A′′ cA′′(t)e
−tdt+ 1δ′′ cA′′(−A′′)eA
′′
=
∫ +∞
−A cA(t)e
−tdt;
3),
∫ t
−A′′(
1
δ′′ cA′′(−A′′)eA
′′
+
∫ t2
−A′′ cA′′(t1)e
−t1dt1)dt2 + 1δ′′2 cA′′(−A′′)eA
′′
<∫ t
−A(
∫ t2
−A cA(t1)e
−t1dt1)dt2.
Proof. Given A′ < A. Let g(t)|[−A′,+∞) := cA(t)|[−A′,+∞). As cA(t) satisfies∫ +∞
−A cA(t)e
−tdt < ∞ and inequality 2.4 holds (A ∈ (−∞,+∞]), we can choose a
continuous function g(t) such that it’s decreasing rapidly enough on [A′′, A′] (A′′
can be chosen near A′ enough), and the following holds:
1).
∫ +∞
−A′′ cA′′(t)e
−tdt+ 1δ′′ cA′′(−A′′)eA
′′
=
∫ +∞
−A cA(t)e
−tdt;
2).
∫ t
−A′′(
1
δ′′ cA′′(−A′′)eA
′′
+
∫ t2
−A′′ cA′′(t1)e
−t1dt1)dt2 + 1δ′′2 cA′′(−A′′)eA
′′
<∫ t
−A(
∫ t2
−A cA(t1)e
−t1dt1)dt2. Thus we have proved the lemma. 
Since A may be chosen as positive infinity, we have a sufficient condition for
inequality 2.4 holding:
Remark 4.12. Assume that ddtcA(t)e
−t > 0 for t ∈ (−A, a), and ddtcA(t)e−t ≤ 0
for t ∈ [a,+∞), where A = +∞, and a > −A. Assume that d2dt2 log(cA(t)e−t) < 0
for t ∈ (−A, a). Then inequality 2.4 holds.
Proof. Let H(t, f) := (
∫ t
−A f(t1)dt1)
2 − f(t) ∫ t−A(∫ t2−A f(t1)dt1)dt2, where f(t) is a
positive smooth function on (−A,+∞).
Inequality 2.4 becomes H(t, cA(t)e
−t) > 0 for any t ∈ (−A,+∞). That is
H(t,cA(t)e
−t)
cA(t)e−t
> 0 for any t ∈ (−A,+∞).
It suffices to prove ddt
H(t,cA(t)e
−t)
cA(t)e−t
> 0 for any t ∈ (−∞, a), therefore
H(t,
d
dt
(cA(t)e
−t)) > 0
for any t ∈ (−∞, a).
As ddt(cA(t)e
−t) > 0 for any t ∈ (−∞, a), it suffices to prove that
d
dt
H(t, ddt (cA(t)e
−t))
d
dt (cA(t)e
−t)
> 0
for any t ∈ (−∞, a), which is H(t, ddt ddt (cA(t)e−t)) > 0 for any t ∈ (−∞, a).
Note that H(t, ddt
d
dt (cA(t)e
−t)) = −(cA(t)e−t)2 ddt ddt log(cA(t)e−t). Thus we have
proved the present Remark. 
In the last part of this section, we recall a theorem of Fornaess and narasimhan
on approximation property of plurisubharmonic functions of Stein manifolds.
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Lemma 4.13. [21] Let X be a Stein manifold and ϕ ∈ PSH(X). Then there
exists a sequence {ϕn}n=1,2,··· of smooth strongly plurisubharmonic functions such
that ϕn ↓ ϕ.
4.2. Properties of polar functions.
In this subsection, we give some lemmas on properties of polar functions.
Lemma 4.14. Let M be a complex manifold of dimension n and S be an (n −
l)−dimensional closed complex submanifold. Let Ψ ∈ ∆(S). Assume that there
exists a local coordinate (z1, · · · , zn) on a neighborhood U of x ∈ M such that
{zn−l+1 =, · · · , zn = 0} = S ∩ U and ψ := Ψ − l log(|zn−l+1|2 + · · · + |zn|2) is
continuous on U . Then we have dλz[Ψ] = e
−ψdλz′ , where dλz and dλz′ denote the
Lebesgue measures on U and S ∩ U . Especially,
|f ∧ dzn−l+1 ∧ · · · ∧ dzn|2hdλz [Ψ] = 2l{f, f}he−ψ,
where f is a continuous (n − l, 0) form with value in the Hermitian vector bundle
(E, h) on S ∩ U .
Proof. Note that dλz [l log(|zn−l+1|2+· · ·+|zn|2)] = dλz′ for z = (z′, zn−l+1, · · · , zn).
According to the definition of generalized residue volume form dλz[Ψ] and the con-
tinuity of ψ, the lemma follows. 
Using similar method as in the proof of the above lemma, we obtain a remark
as follows:
Remark 4.15. Let M be a complex manifold of dimension n, and S be an (n −
l)−dimensional closed complex submanifold. Let Ψ ∈ ∆(S). Assume that there
exists a local coordinate (z1, · · · , zl, w2l+1, · · · , w2n) on a neighborhood U of x ∈M
such that {w2l+1 =, · · · , w2n = 0} = S ∩ U and ψ := Ψ − l log(|w2l+1|2 + · · · +
|w2n|2) is continuous on U , where z′ = (z1, · · · , zl) are complex coordinates, and
w2l+1, · · · , w2n are real coordinates. Then we have dVz′,w[Ψ] = e−ψdλz′ , where
dVz′,w and dλz′ denote the Lebesgue measures on U and S ∩ U . Especially,
|F |S |2hdλz [Ψ] =
{F, F}h
dVz′,w
dVz′,w[Ψ] =
{F, F}h
dVz′,w
e−ψdλz′
where F is a continuous (n, 0) form with value in the Hermitian vector bundle
(E, h) on U .
Lemma 4.16. Let d1(t) and d2(t) be two positive continuous functions on (0,+∞),
which satisfy ∫ +∞
0
d1(t)e
−tdt =
∫ +∞
0
d2(t)e
−tdt <∞,
d1(t)|{t>r1}∪{t<r3} = d2(t)|{t>r1}∪{t<r3},
d1(t)|{r2<t<r1} > d2(t)|{r2<t<r1},
and
d1(t)|{r3<t<r2} < d2(t)|{r3<t<r2},
where 0 < r3 < r2 < r1 < +∞. Let f be a holomorphic function on ∆, then we
have ∫
∆
d1(− ln(|z|2))|f |2dλ ≤
∫
∆
d2(− ln(|z|2))|f |2dλ < +∞,
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where λ is the Lebesgue measure on ∆. Moreover, the equality holds if and only if
f ≡ f(0).
Proof. Set
f(z) =
∞∑
k=0
akz
k,
a Taylor expansion of f at 0, which is uniformly convergent on any given compact
subset of ∆.
As ∫
∆
d1(− ln(|z|2))zk1 z¯k2dλ = 0
when k1 6= k2, it follows that∫
∆
d1(− ln(|z|2))|f |2dλ =
∫
∆
∞∑
k=0
d1(− ln(|z|2))|ak|2|z|2kdλ
= π
∞∑
k=0
|ak|2
∫ +∞
0
d1(t)e
−kte−tdt,
(4.8)
and ∫
∆
d2(− ln(|z|2))|f |2dλ =
∫
∆
∞∑
k=0
d2(− ln(|z|2))|ak|2|z|2kdλ
= π
∞∑
k=0
|ak|2
∫ +∞
0
d2(t)e
−kte−tdt.
(4.9)
As ∫ +∞
0
d1(t)e
−tdt =
∫ +∞
0
d2(t)e
−tdt <∞,
d1(t)|{r2<t<r1} > d2(t)|{r2<t<r1},
and
d1(t)|{r3<t<r2} < d2(t)|{r3<t<r2},
it follows that∫ r2
r3
(d2(t)− d1(t))e−kte−tdt >
∫ r2
r3
(d2(t)− d1(t))e−kr2e−tdt
=
∫ r1
r2
(d1(t)− d2(t))e−kr2e−tdt
>
∫ r1
r2
(d1(t)− d2(t))e−kte−tdt,
(4.10)
therefore ∫ r1
r3
d1(t)e
−kte−tdt <
∫ r1
r3
d2(t)e
−kte−tdt,
for every k ≥ 1.
Since
d1(t)|{t>r1}∪{t<r3} = d2(t)|{t>r1}∪{t<r3},
we have ∫ +∞
0
d1(t)e
−kte−tdt <
∫ +∞
0
d2(t)e
−kte−tdt,
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for every k ≥ 1.
Comparing the equalities 4.8 and 4.9, we obtain that the inequality in the Lemma
holds, and the equality in the Lemma holds if and only if ak = 0 for any k ≥ 1, i.e.
f = f(0). Then we are done. 
Let Ω be an open Riemann surface. Let z0 ∈ Ω, and Vz0 be a neighborhood of
z0 with local coordinate w, such that w(z0) = 0.
Using the above lemma, we have the following lemma on open Riemann surfaces:
Lemma 4.17. Assume that there is a negative subharmonic function Ψ on Ω,
such that Ψ|Vz0 = ln |w|2, and Ψ|Ω\Vz0 ≥ supz∈Vz0 Ψ(z). Let d1(t) and d2(t) be two
positive continuous functions on (0,+∞) as in lemma 4.16. Assume that {Ψ <
−r3 + 1} ⊂⊂ Vz0 is a disc with the coordinate z. Let F be a holomorphic (1, 0)
form, which satisfies F |z0 = dw, then we have∫
Ω
d1(−Ψ)
√−1F ∧ F¯ ≤
∫
Ω
d2(−Ψ)
√−1F ∧ F¯ < +∞,
Moreover, the equality holds if and only if F |Vz0 = dw.
Proof. It is clear that∫
Ω
d1(−Ψ)
√−1F ∧ F¯ =∫
{log |w|2<−r3+1}
d1(−Ψ)
√−1| F
dw
|2dw ∧ dw¯ +
∫
Ω\{log |w|2<−r3+1}
d1(−Ψ)
√−1F ∧ F¯ ,
(4.11)∫
Ω
d2(−Ψ)
√−1F ∧ F¯ =∫
{log |w|2<−r3+1}
d2(−Ψ)
√−1| F
dw
|2dw ∧ dw¯ +
∫
Ω\{log |w|2<−r3+1}
d2(−Ψ)
√−1F ∧ F¯ .
(4.12)
Note that −Ψ|Ω\{log |w|2<−r3+1} < r3 − 1, then∫
Ω\{log |w|2<−r3+1}
d1(−Ψ)
√−1F ∧ F¯ =
∫
Ω\{log |w|2<−r3+1}
d2(−Ψ)
√−1F ∧ F¯ .
Applying Lemma 4.16 to the rest parts of equalities 4.11 and 4.12, we get the
present lemma. 
Let Ω be an open Riemann surface with a Green function. Let p : ∆→ Ω be the
universal covering of Ω. We can choose Vz0 small enough, such that p restricted
on any component of p−1(Vz0) is biholomorphic. Let h be a harmonic function
on Ω and ρ = e−2h. As h is harmonic on Ω, then there exists a multiplicative
holomorphic function fh on ∆, such that |fh| = ep∗h = p∗eh. Let f−h := f−1h . Let
f−h,j := f−h|Uj and pj := p|Uj , where Uj is a component of p−1(Vz0) for any fixed
j.
Using Lemma 4.16, we obtain the following lemma.
Lemma 4.18. Let Ω be an open Riemann surface with Green function GΩ. Let
z0 ∈ Ω, and Vz0 be a neighborhood of z0 with local coordinate w, such that w(z0) = 0.
Assume that there is a negative subharmonic function Ψ on Ω, such that Ψ|Vz0 =
ln |w|2 and Ψ|Ω\Vz0 ≥ supz∈Vz0 Ψ(z). Let d1(t) and d2(t) be two positive continuous
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functions on (0,+∞) as in Lemma 4.16. Assume that {Ψ < −r3 + 1} ⊂⊂ Vz0 ,
which is a disc with the coordinate w. Let F be a holomorphic (1, 0) form, which
satisfies ((pj)∗(f−h,j))F |z0 = dw, then we have∫
Ω
d1(−Ψ)
√−1ρF ∧ F¯ ≤
∫
Ω
d2(−Ψ)
√−1ρF ∧ F¯ ,
Moreover, the equality holds if and only if ((pj)∗(f−h,j))F |Vz0 = dw.
Proof. It is clear that∫
Ω
d1(−Ψ)ρ
√−1F ∧ F¯ =∫
{log |w|2<−r3+1}
d1(−Ψ)ρ
√−1| F
dw
|2dw ∧ dw¯ +
∫
Ω\{log |w|2<−r3+1}
d1(−Ψ)ρ
√−1F ∧ F¯ ,
(4.13)
∫
Ω
d2(−Ψ)ρ
√−1F ∧ F¯ =∫
{log |w|2<−r3+1}
d2(−Ψ)ρ
√−1| F
dw
|2dw ∧ dw¯ +
∫
Ω\{log |w|2<−r3+1}
d2(−Ψ)ρ
√−1F ∧ F¯ .
(4.14)
Note that −Ψ|Ω\{log |w|2<−r3+1} < r3 − 1. Then one has∫
Ω\{log |w|2<−r3+1}
d1(−Ψ)ρ
√−1F ∧ F¯ =
∫
Ω\{log |w|2<−r3+1}
d2(−Ψ)ρ
√−1F ∧ F¯ .
Applying Lemma 4.16 to the rest parts of equalities 4.13 and 4.14, we get the
present lemma. 
4.3. Basic properties of Green function. Let Ω be an open Riemann surface
with a Green function GΩ, and z0 be a point of Ω with a fixed local coordinate w
on the neighborhood Vz0 of z0, such that w(z0) = 0.
Remark 4.19. (see [47] or [56]) GΩ(z, z0) = supu∈∆0(z0) u(z), where ∆0(z0) is the
set of negative subharmonic functions on Ω satisfying that u− log |w| has a locally
finite upper bound near z0.
Remark 4.20. (see [47] or [56]) GΩ(z, z0) is harmonic on Ω\{z0}, and GΩ(z, z0)−
log |w| is harmonic near z0.
4.4. Results used in the proofs of the conjecture of Suita, L−conjecture
and extended Suita conjecture.
In this subsection, we give some lemmas which are used to prove the conjecture
of Suita, L−conjecture and the extended Suita conjecture.
Using Theorem 2.2 and Lemma 4.17, we obtain the following proposition which
will be used in the proof of the conjecture of Suita.
Proposition 4.21. Let Ω be an open Riemann surface with Green function GΩ.
Let z0 ∈ Ω and Vz0 be a neighborhood of z0 with local coordinate w, such that
w(z0) = 0 and GΩ|Vz0 = log |w|. Assume that there is a unique holomorphic (1, 0)
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form F on Ω, which satisfies F |z0 = b0dw (b0 is a complex constant which is not
0, such that ∫
Ω
√−1F ∧ F¯ ≤ π
∫
z0
|b0dw|2dVΩ[2G(z, z0)].
Then F |Vz0 = b0dw.
Remark 4.22. In Theorem 2.2, let Ψ := 2GΩ(·, z0) + 2GΩ(·, z2), where z2 near
z0 and z0 6= z2, cA(t) ≡ 1 and A = 0, then we have F2 such that F2|z0 = b0dw,
F2|z2 = 0 and∫
Ω
√−1F2 ∧ F¯2 ≤ π
∫
z0
|b0dw|2dVΩ[2GΩ(·, z0) + 2GΩ(·, z2)] < +∞.
If there exists a holomorphic (1, 0) form, which satisfies∫
Ω
√−1F ∧ F¯ < π
∫
z0
|b0dw|2dVΩ[2G(z, z0)],
then there exists ε0 > 0, such that for any ε ∈ (0, ε0),∫
Ω
√−1((1 − ε)F + εF2) ∧ ((1 − ε)F + εF2) < π
∫
z0
|b0dw|2dVΩ[2G(z, z0)].
Since (1− ε)F + εF2)|o = b0dw, and (1− ε)F + εF2) also satisfies the inequality in
Proposition 4.21, it is a contradiction to the uniqueness of F . Then we have∫
Ω
√−1F ∧ F¯ = π
∫
z0
|b0dw|2dVΩ[2G(z, z0)].
Proof. (proof of Proposition 4.21) Let Ψ := 2GΩ(·, z0). We can choose r3 big
enough, such that {Ψ < −r3} ⊂⊂ {Ψ < −r3 + 1} ⊂⊂ Vz0 , and {Ψ < −r3 + 1} is a
disc with the coordinate w.
Let d1(t) = 1, one can find smooth d2(t) as in Lemma 4.17, such that d2(t)e
−t
is decreasing with respect to t.
Using Theorem 2.2, we have a holomorphic (1, 0) form F1 on Ω, which satisfies
F1|z0 = b0dw and ∫
Ω
d2(−Ψ)
√−1F1 ∧ F¯1 ≤ π
∫
z0
|b0dw|2dVΩ[Ψ].
Using Lemma 4.17, we have∫
Ω
√−1F1 ∧ F¯1 ≤
∫
Ω
d2(−Ψ)
√−1F1 ∧ F¯1,
Therefore, ∫
Ω
√−1F1 ∧ F¯1 ≤ π
∫
z0
|b0dw|2dVΩ[Ψ].
According to the assumption of uniqueness of F and the above remark, it follows
that ∫
Ω
d1(−Ψ)
√−1F1 ∧ F¯1 =
∫
Ω
d2(−Ψ)
√−1F1 ∧ F¯1,
and F1 = F .
Using Lemma 4.17, we have F1|Vz0 = b0dw, therefore F |Vz0 = b0dw. 
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Let Ω be an open Riemann surface with Green function GΩ. Let z0 ∈ Ω, and
Vz0 be a neighborhood of z0 with local coordinate w, such that w(z0) = 0. Note
that there exists a holomorphic function f0 near z0, which is locally injective near
z0, such that |f0| = eGΩ(·,z0).
Let w = f0, then we have a local coordinate w, such that GΩ(·, z0) = log |w|
near z0.
Using Theorem 2.2 and Lemma 4.18, we obtain the following proposition which
will be used in the proof of the extended Suita conjecture.
Proposition 4.23. Let Ω be an open Riemann surface with Green function GΩ.
Let z0 ∈ Ω, and Vz0 be a neighborhood of z0 with local coordinate w, such that
w(z0) = 0 and GΩ(z, z0)|Vz0 = log |w|. Assume that there is a unique holomorphic
(1, 0) form F on Ω, which satisfies ((pj)∗(f−h,j))F |z0 = b0dw (b0 is a complex
constant which is not 0), and∫
Ω
√−1ρF ∧ F¯ ≤ π
∫
z0
ρ|b0dw|2dVΩ[2G(z, z0)].
Then ((pj)∗(f−h,j))F |Vz0 = b0dw.
Remark 4.24. In Theorem 2.2, let Ψ := 2GΩ(·, z0) + 2GΩ(·, z2), where z2 near
z0 and z0 6= z2, cA(t) ≡ 1 and A = 0, then we have F2 such that F2|z0 = b0dw,
F2|z2 = 0, and∫
Ω
√−1ρF2 ∧ F¯2 ≤ π
∫
z0
ρ|b0dw|2dVΩ[2G(z, z0) + 2GΩ(·, z2)] < +∞.
If there exists a holomorphic (1, 0) form F , which satisfies∫
Ω
√−1ρF ∧ F¯ < π
∫
z0
ρ|b0dw|2dVΩ[2G(z, z0)],
then there exists ε0 > 0, such that for any ε ∈ (0, ε0),∫
Ω
√−1ρ((1 − ε)F + εF2) ∧ ((1 − ε)F + εF2) < π
∫
z0
ρ|b0dw|2dVΩ[2G(z, z0)].
Since (1− ε)F + εF2)|o = b0dw, and (1− ε)F + εF2) also satisfies the inequality in
the present Proposition, it is a contradiction to the uniqueness of F . Then we have∫
Ω
√−1ρF ∧ F¯ = π
∫
z0
ρ|b0dw|2dVΩ[2G(z, z0)].
Proof. (Proof of Proposition 4.23) Let Ψ := 2GΩ(·, z0). We can choose r3 big
enough, such that {Ψ < −r3} ⊂⊂ {Ψ < −r3 + 1} ⊂⊂ Vz0 , and {Ψ < −r3 + 1} is a
disc with the coordinate w.
Let d1(t) = 1, one can find smooth d2(t) as in Lemma 4.18, which satisfies that
d2(t)e
−t is decreasing with respect to t.
From Theorem 2.2, it follows that there exists a holomorphic (1, 0) form F1 on
Ω, which satisfies F1|z0 = b0dw, and∫
Ω
d2(−Ψ)
√−1ρF1 ∧ F¯1 ≤ π
∫
z0
ρ(z0)|b0dw|2dVΩ[Ψ].
Using Lemma 4.18, we have∫
Ω
√−1ρF1 ∧ F¯1 ≤
∫
Ω
d2(−Ψ)ρ
√−1F1 ∧ F¯1,
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Therefore ∫
Ω
√−1ρF1 ∧ F¯1 ≤ π
∫
z0
ρ(z0)|b0dw|2dVΩ[Ψ].
From the assumption of uniqueness of F and the above remark, it follows that∫
Ω
d1(−Ψ)ρ
√−1F1 ∧ F¯1 =
∫
Ω
d2(−Ψ)ρ
√−1F1 ∧ F¯1,
and F1 = F .
Using Lemma 4.18, we have
((pj)∗(f−h,j))F1|Vz0 = b0dw,
therefore
((pj)∗(f−h,j))F |Vz0 = b0dw.
We have thus proved the proposition. 
Let Ω be an open Riemann surface with a Green function G, and z0 be a point
of Ω with a fixed local coordinate w on the neighborhood Vz0 of z0, such that
w(z0) = 0.
Let Az0 be a family of analytic functions f on Ω satisfying the normalization
condition: f |z0 = 0 and df |z0 = dw. Analytic capacity cB is defined as follows:
cB := cB(z0) =
1
minf∈Az0 supz∈Ω |f(z)|
.
About a relation between cβ and cB, it is well known that one has c
2
β(z0) ≥
c2B(z0). Furthermore, one has the following lemma:
Lemma 4.25. If there is a holomorphic function g on Ω, which satisfies |g(z)| =
expG(z, z0), then we have c
2
β(z0) = c
2
B(z0).
Proof. For the sake of completeness, we give a proof of the inequality c2β(z0) ≥
c2B(z0).
Consider
A
M
z0 := Az0 ∩ {f ||f | ≤M},
as |g(z)| = expG(z, z0), then A Mz0 is not empty.
As A Mz0 is a normal family, there exists a holomorphic function f1 ∈ Az0 , such
that supz∈Ω |f1| = minf∈Az0 supz∈Ω |f(z)|.
That is |f1(z)|cB(z0) < 1 for any z ∈ Ω, and note that log(|f1(z)|cB(z0)) −
log |w(z)| is locally finite on Vz0 , then by Remark 4.19, we have log |f1(z)|cB(z0) ≤
G(z, z0), therefore
lim
z→z0
(log(|f1(z)|cB(z0))− log |w(z)|) ≤ lim
z→z0
(G(z, z0)− log |w(z)|). (4.15)
As df1|z0 = dw, we have limz→z0(log(|f1(z)| − log |w(z)|) = 0. Then inequality
(4.15) implies that cB(z0) ≤ limz→z0(G(z, z0)− log |w(z)|) = cβ(z0).
Then we prove c2β(z0) = c
2
B(z0) under the assumption in the present lemma.
Suppose that there is a holomorphic function g on Ω which satisfies |g(z)| =
expG(z, z0), as supz∈Ω |f1| = minf∈Az0 supz∈Ω |f(z)|, we have sup |f1(z)| ≤ sup
|g(z)|
|g′(z0)| ,
therefore
log |f1||g′(z0)| ≤ 0, (4.16)
where g′(z0) = dgdw |z0 .
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As log |f1(z))||g′(z0)| − log |w(z)| has a locally finite upper bound near z0, we
have log |f1||g′(z0)| ≤ G(z, z0) = log |g| by Remark 4.19 (see [1] or [56]).
Note that
lim
z→z0
log(|f1(z)||g′(z0)| − log |w(z)|) = log |g′(z0)| = lim
z→z0
(log |g(z)| − log |w(z)|),
it follows that
lim
z→z0
(log |f1(z)||g′(z0)| − log |g(z)|) = 0,
therefore
lim
z→z0
(log |f1(z)||g′(z0)| −G(z, z0)) = 0.
From inequality (4.16), it follows that log(|f1(z)||g′(z0)|)−G(z, z0) is a negative
subharmonic function on Ω.
Applying the maximal principle to log(|f1(z)||g′(z0)|) −G(z, z0), since
lim
z→z0
(log |f1(z)||g′(z0)| −G(z, z0) = 0,
we have
log |f1(z)||g′(z0)| −G(z, z0)) = 0,
i.e.
|f1||g′(z0)| = |g|.
Then it follows that
cB(z0) =
1
supz∈Ω |f1|
=
|g′(z0)|
supz∈Ω |g(z)|
= |g′(z0)|.
As cβ(z0) := exp limz→z0(G(z, z0)−log |w(z)|) = exp limz→z0(log |g(z)|−log |w(z)|) =
|g′(z0)| = cB(z0), we have cβ(z0) = cB(z0). 
Let’s recall the following result of Suita in [53]:
Lemma 4.26. [53]Assume that Ω admits a Green function. Then πBΩ(z) ≥ c2B(z)
for any z ∈ Ω. There exists z0 ∈ Ω such that equality holds if and only if Ω is
conformally equivalent to the unit disc less a (possible) closed set of inner capacity
zero.
Remark 4.27. We now present the relationship between the definition of cB(z0) :=
sup{f |fz0=0&|f |<1} |f ′(z0)| in [53] and the definition of cB(z0) used in the present
paper. When A Mz0 is not empty, for any element g in A
M
z0 , one can normalized the
norm of g by supz∈Ω |g| denoted by sup |g| for convenience, then it is clear that
sup
{f |f(z0)=0&|f |<1}
|f ′(z0)| = ( min{f |f(z0)=0&|f |<1} |f
′(z0)|−1)−1
= ( min
{g|g(z0)=0&| gsup |g| |<1}
| d
dt
g
sup |g| |z0 |
−1)−1
= ( min
{g|g(z0)=0&| gsup |g| |<1}
|
dg
dt |z0
sup |g| |
−1)−1
= ( min
g∈AMz0
sup |g|)−1
= ( min
g∈Az0
sup |g|)−1,
(4.17)
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where g ∈ A Mz0 . If A Mz0 is not empty (i.e. {f |f(z0) = 0&|f | < 1} doesn’t only
contains 0), the above two definitions of cB(z0) are equivalent. If A
M
z0 is empty
(i.e. {f |f(z0) = 0&|f | < 1} only contains 0), the above two definitions of cB(z0)
are both 0. Then the above two definitions of cB(z0) are the same.
Now we prove an identity theorem of holomorphic maps between complex spaces,
which is useful.
Lemma 4.28. Let X be a irreducible complex space and Y be a complex space. Let
f, g : X → Y are holomorphic maps. Assume that for a point a ∈ X, the germs fa
and ga of holomorphic maps f and g satisfy fa = ga. Then we have f = g.
Proof. Consider a map (f, g) : X → Y × Y , which is (f, g)(x) = (f(x), g(x)).
Denote that A := {x ∈ X |f(x) = g(x)}.
Note that A = (f, g)−1(∆Y ), where ∆Y is the diagonal of Y × Y . Then A is an
analytic set.
As fa = ga, there is a neighborhood Ua of a in X , such that f |Ua = g|Ua .
Using the Identity Lemma in [26], we obtain A = Xa, which is the irreducible
component of X containing a.
As X is irreducible, it is clear that X = Xa = A. Thus we have proved the
Lemma. 
Remark 4.29. By the above Lemma, one can see that if two holomorphic maps f
and g from irreducible complex space X to complex space Y , which satisfy f |S = g|S,
where S is totally real with maximal dimension in X, then f ≡ g.
Lemma 4.30. Let g1 and g2 be two holomorphic functions on domain Ω in C, such
that |g1| = |g2|, and dg1 = dg2. Assume that dg1 = dg2 are not vanish identically.
Then we have g1 = g2.
Proof. As |g1| = |g2|, we have g1g¯1 = g2g¯2. Then g1∂¯g¯1 = g2∂¯g¯2.
It is known that the zero sets of ∂¯g¯1 and ∂¯g¯2 are both analytic sets on ∆.
From the assumption, it follows that dg¯1 = ∂¯g¯1 = ∂¯g¯2 = dg¯2.
As dg1 and dg2 are not vanish identically and so are ∂¯g¯1 and ∂¯g¯2, then g1 = g2
on an open subset of ∆.
It is clear that g1 = g2 on ∆ by the identity theorem of holomorphic functions.

Lemma 4.31. (see [4]) Let H be a Hilbert space with norm ‖ · ‖, and C be a convex
subset of H. Let α ∈ C, such that ‖α‖ = infβ∈C ‖β‖. Then α is unique.
Proof. If not, there are α1 and α2 in C, such that
‖α1‖ = ‖α2‖ = inf
β∈C
‖β‖.
As
‖α1 + α2
2
‖2 + ‖α1 − α2
2
‖2 = ‖α1‖
2 + ‖α2‖2
2
and ‖α1−α22 ‖ > 0, we have
‖α1 + α2
2
‖ <
√
‖α1‖2 + ‖α2‖2
2
= inf
β∈C
‖β‖. (4.18)
Note that α1+α22 ∈ C, then inequality 4.18 contradicts with ‖α1‖ = ‖α2‖ =
infβ∈C ‖β‖. 
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Remark 4.32. Let Ω be an open Riemann surface with a Green function GΩ, and
z0 be a point of Ω with a fixed local coordinate w on the neighborhood Vz0 of z0,
such that w(z0) = 0. Let c0(t) = 1, Ψ = 2GΩ(·, z0).
From Theorem 2.2 and the definition cβ := exp limz→z0(GΩ(z, z0)−log |w(z)|), it
follows that there is a holomorphic (1, 0) form F on Ω, which satisfies F |z0 = dw|z0
and √−1
∫
Ω
F ∧ F¯ ≤ π
∫
z0
|dw|2dVΩ[2GΩ(z, z0)] = 2π
c2β(z0)
,
therefore
πBΩ(z0) ≥ c2β(z0),
by the extremal property of the Bergman kernel.
If there is another holomorphic (1, 0) form F˜ on Ω, which satisfies F˜ |z0 = dw|z0 ,
and √−1
∫
Ω
F˜ ∧ ¯˜F ≤ 2π
c2β(z0)
,
then holomorphic (1, 0) form F+F˜2 on Ω satisfies
F+F˜
2 |z0 = dw|z0 . According to the
proof of Lemma 4.31, it follows that
√−1
∫
Ω
F + F˜
2
∧ F + F˜
2
<
2π
c2β(z0)
.
therefore
πBΩ(z0) > c
2
β(z0),
by the extremal property of the Bergman kernel.
Remark 4.33. Let Ω be an open Riemann surface with a Green function GΩ, and
z0 be a point of Ω with a fixed local coordinate w on the neighborhood Vz0 of z0,
such that w(z0) = 0. Let c0(t) = 1, Ψ = 2GΩ(·, z0), h = ρ. By Theorem 2.2 and
cβ := exp limz→z0(GΩ(z, z0) − log |w(z)|), there is a holomorphic (1, 0) form F on
Ω, which satisfies F |z0 = dw|z0 , such that
√−1
∫
Ω
ρF ∧ F¯ ≤ π
∫
z0
ρ(z0)|dw|2dVΩ[2GΩ(z, z0)] = 2πρ(z0)
c2β(z0)
,
therefore
πρ(z0)BΩ,ρ(z0) ≥ c2β(z0),
by the extremal property of the Bergman kernel.
If there is another holomorphic (1, 0) form F˜ on Ω, which satisfies F˜ |z0 = dw|z0 ,
and √−1
∫
Ω
ρF˜ ∧ ¯˜F ≤ 2πρ(z0)
c2β(z0)
,
then (1, 0) form F+F˜2 on Ω, which satisfies
F+F˜
2 |z0 = dw|z0 . From the proof of
Lemma 4.31, it follows that
√−1
∫
Ω
ρ
F + F˜
2
∧ F + F˜
2
<
2πρ(z0)
c2β(z0)
.
therefore
πρ(z0)BΩρ(z0) > c
2
β(z0),
by the extremal property of the Bergman kernel.
34 QI’AN GUAN AND XIANGYU ZHOU
We now show a lemma which will be used to discuss the uniform bound of a
sequence of holomorphic functions:
Lemma 4.34. Let ϕ be a plurisubharmonic function on Ω ⊂⊂ Cn, which is not
identically −∞. Let {fn}n=1,2,··· be a sequence of holomorphic functions on Ω, such
that
∫
Ω
|fn|2eϕ < C, where C is positive constant which is independent of n. Then
the sequence {fn}n=1,2,··· has a uniform bound on any compact subset of Ω.
Proof. Let K be a compact subset of Ω, such that 0 < 2r < dist(K, ∂Ω). Let
Ω0 := {z|dist(z,K) < r}. As ϕ is plurisubharmonic, then there is N > 0, such that∫
Ω
e−
ϕ
N dVΩ < C0 < +∞.
Note that
(
∫
Ω0
|fn|2eϕdVΩ) 1N+1 (
∫
Ω0
e−
ϕ
N dVΩ)
N
N+1 ≥
∫
Ω0
|fn| 2N+1dVΩ ≥ π
nrn
n!
|fn(w)| 2N+1 ,
(4.19)
where w ∈ K, then the lemma follows. 
5. Proofs of the main theorems
In this section, we give proofs of the main theorems.
5.1. Proof of Theorem 2.1.
By Remark 4.7, it suffices to prove the case that M is a Stein manifold.
By Lemma 4.6 and Remark 4.9, it suffices to prove the case that cA is smooth
on (A,+∞) and continuous on [A,+∞], such that limt→+∞ cA(t) > 0.
Since M is a Stein manifold, there is a sequence of Stein manifolds {Dm}∞m=1
satisfying Dm ⊂⊂ Dm+1 for all m and
∞∪
m=1
Dm = M . It’s known that all Dm \ S
are complete Ka¨hler ([24]).
Since M is Stein, there is a holomorphic section F˜ of KM on M such that
F˜ |S = f .
Let ds2M be a Ka¨hler metric on M , and dVM be the volume form with respect
to ds2M .
Let {vt0,ε}t0∈R,ε∈(0, 14 ) be a family of smooth increasing convex functions on R,
such that:
1). vt0,ε(t) = t, for t ≥ −t0 − ε; vt0,ε(t) is a constant depending on t0 and ε, for
t < −t0 − 1 + ε;
2). the sequence v′′t0,ε(t) is pointwise convergent to I{−t0−1<t<−t0} when ε → 0,
and 0 ≤ v′′t0,ε(t) ≤ 2 for any t ∈ R;
3). the sequence vt0,ε(t) is C
1 convergent to bt0(t)
(
bt0(t) :=
∫ t
−∞
(
∫ t2
−∞
I{−t0−1<t1<−t0}dt1)dt2 −
∫ 0
−∞
(
∫ t2
−∞
I{−t0−1<t1<−t0}dt1)dt2
is also a C1 function on R) when ε→ 0, and 0 ≤ v′t0,ε(t) ≤ 1 for any t ∈ R.
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We can construct the family {vt0,ε}t0∈R,ε∈(0, 14 ) by setting
vt0,ε(t) :=
∫ t
−∞
∫ t1
−∞
1
1− 2εI{−t0−1+ε<s<−t0−ε} ∗ ρ 14 εdsdt1
−
∫ 0
−∞
∫ t1
−∞
1
1− 2εI{−t0−1+ε<s<−t0−ε} ∗ ρ 14 εdsdt1,
(5.1)
where ρ 1
4 ε
is the kernel of convolution satisfying supp(ρ 1
4 ε
) ⊂ (− 14ε, 14ε).
Then we have
v′t0,ε(t) =
∫ t
−∞
1
1− 2εI{−t0−1+ε<s<−t0−ε} ∗ ρ 14 εds,
and
v′′t0,ε(t) =
1
1− 2εI{−t0−1+ε<t<−t0−ε} ∗ ρ 14 ε.
Let s and u be two undetermined real functions which will be determined later on
after doing calculations based on Lemma 4.1 and Lemma 4.2. Let η = s(−vt0,ε ◦Ψ)
and φ = u(−vt0,ε ◦ Ψ), where s ∈ C∞((−A,+∞)) satisfying s ≥ 1δ and u ∈
C∞((−A,+∞)) satisfying limt→+∞ u(t) exists (which will be determined to be
= − log(1δ cA(−A)eA +
∫∞
−A cA(t)e
−tdt)). Let h˜ = he−Ψ−φ.
Now let α ∈ D(X,Λn,1T ∗Dm\S ⊗ E) be an E-valued smooth (n, 1)- form with
compact support on Dm \S. Using Lemma 4.1 and Lemma 4.2 and the assumption√−1Θhe−Ψ ≥ 0 on Dm \ S, we get
‖(η + g−1) 12D′′∗α‖2
Dm\S,h˜ + ‖η
1
2D′′α‖2
Dm\S,h˜
≥≪ [η√−1Θh˜ −
√−1∂∂¯η −√−1g∂η ∧ ∂¯η,Λω]α, α≫Dm\S,h˜
=≪ [η√−1∂∂¯φ+ η√−1Θhe−Ψ −
√−1∂∂¯η −√−1g∂η ∧ ∂¯η,Λω]α, α≫Dm\S,h˜ .
(5.2)
where g is a positive continuous function on Dm \S. We need some calculations to
determine g.
We have
∂∂¯η = −s′(−vt0,ε ◦Ψ)∂∂¯(vt0,ε ◦Ψ) + s′′(−vt0,ε ◦Ψ)∂(vt0,ε ◦Ψ) ∧ ∂¯(vt0,ε ◦Ψ),
(5.3)
and
∂∂¯φ = −u′(−vt0,ε ◦Ψ)∂∂¯vt0,ε ◦Ψ+ u′′(−vt0,ε ◦Ψ)∂(vt0,ε ◦Ψ) ∧ ∂¯(vt0,ε ◦Ψ).
(5.4)
Therefore,
η
√−1∂∂¯φ−√−1∂∂¯η −√−1g∂η ∧ ∂¯η
=(s′ − su′)√−1∂∂¯(vt0,ε ◦Ψ) + ((u′′s− s′′)− gs′2)
√−1∂(vt0,ε ◦Ψ) ∧ ∂¯(vt0,ε ◦Ψ)
=(s′ − su′)((v′t0,ε ◦Ψ)
√−1∂∂¯Ψ+ (v′′t0,ε ◦Ψ)
√−1∂(Ψ) ∧ ∂¯(Ψ))
+((u′′s− s′′)− gs′2)√−1∂(vt0,ε ◦Ψ) ∧ ∂¯(vt0,ε ◦Ψ).
(5.5)
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We omit composite item (−vt0,ε ◦ Ψ) after s′ − su′ and (u′′s− s′′)− gs′2 in the
above equalities.
It’s natural to ask u′′s − s′′ > 0. Let g = u′′s−s′′s′2 ◦ (−vt0,ε ◦ Ψ). We have
η + g−1 = (s+ s
′2
u′′s−s′′ ) ◦ (−vt0,ε ◦Ψ).
Since
√−1Θhe−Ψ ≥ 0, a(−Ψ)
√−1Θhe−Ψ +
√−1∂∂¯Ψ ≥ 0 on M \ S, and 0 ≤
v′t0,ε ◦Ψ ≤ 1, we have
η(1 − v′t0,ε ◦Ψ)
√−1Θhe−Ψ + (v′t0,ε ◦Ψ)(η
√−1Θhe−Ψ +
√−1∂∂¯Ψ) ≥ 0, (5.6)
on M \ S for t0 big enough, which means that
η
√−1Θhe−Ψ + (v′t0,ε ◦Ψ)
√−1∂∂¯Ψ ≥ 0, (5.7)
on M \ S.
From equality 5.5, in order to do L2 estimate, it’s natural to let s′−su′ > 0; since
to find s and u is an extremal problem, it’s natural to let s′− su′ be a constant; by
the boundary condition, the constant should be 1.
Using the inequality v′t0,ε ≥ 0, Lemma 4.2, equality 5.5, and inequalities 5.2 and
5.7, one has
〈Bα,α〉h˜ =〈[η
√−1Θh˜ −
√−1∂∂¯η −√−1g∂η ∧ ∂¯η,Λω]α, α〉h˜
≥〈[(v′′t0,ε ◦Ψ)
√−1∂Ψ ∧ ∂¯Ψ,Λω]α, α〉h˜ = 〈(v′′t0,ε ◦Ψ)∂¯Ψ ∧ (αx(∂¯Ψ)♯
)
, α〉h˜.
(5.8)
Using the definition of contraction, Cauchy-Schwarz inequality and the inequality
5.8, we have
|〈(v′′t0,ε ◦Ψ)∂¯Ψ ∧ γ, α˜〉h˜|2 =|〈(v′′t0,ε ◦Ψ)γ, α˜x(∂¯Ψ)♯
〉
h˜
|2
≤〈(v′′t0,ε ◦Ψ)γ, γ〉h˜(v′′t0,ε ◦Ψ)|α˜x(∂¯Ψ)♯
∣∣2
h˜
=〈(v′′t0,ε ◦Ψ)γ, γ〉h˜〈(v′′t0,ε ◦Ψ)∂¯Ψ ∧ (α˜x(∂¯Ψ)♯
)
, α˜〉h˜
≤〈(v′′t0,ε ◦Ψ)γ, γ〉h˜〈Bα˜, α˜〉h˜,
(5.9)
for any (n, 0) form γ and (n, 1) form α˜.
Take λ = ∂¯[(1− v′t0,ε(Ψ))F˜ ], γ = F˜ , and α˜ = B−1∂¯Ψ ∧ F˜ , it follows that
〈B−1λ, λ〉h˜ ≤ (v′′t0,ε ◦Ψ)|F˜ |2h˜,
and therefore ∫
Dm\S
〈B−1λ, λ〉h˜dVM ≤
∫
Dm\S
(v′′t0,ε ◦Ψ)|F˜ |2h˜dVM .
By Lemma 4.3, there exists an (n, 0)-form γm,t0,ε with value in E on Dm \ S
satisfying
∂¯γm,t0,ε = λ,
and
∫
Dm\S
|γm,t0,ε|2h˜(η + g−1)−1dVM ≤
∫
Dm\S
(v′′t0,ε ◦Ψ)|F˜ |2h˜dVM . (5.10)
Let µ1 = e
vt0,ε◦Ψ, µ = µ1cA(−vt0,ε ◦Ψ)eφ.
It’s natural to ask η and φ to satisfy µ ≤ C(η + g−1)−1, which will be discussed
at the end of this subsection, where C is just the constant in Theorem 2.1.
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As vt0,ε(Ψ) ≥ Ψ, we have∫
Dm\S
|γm,t0,ε|2hcA(−vt0,ε ◦Ψ)dVM ≤
∫
Dm\S
|γm,t0,ε|2h˜cA(−vt0,ε ◦Ψ)µ1eφdVM .
(5.11)
From inequalities 5.10 and 5.11, it follows that∫
Dm\S
|γm,t0ε|2hcA(−vt0,ε ◦Ψ)dVM ≤ C
∫
Dm\S
(v′′t0,ε ◦Ψ)|F˜ |2h˜dVM ,
under the assumption µ ≤ C(η + g−1)−1.
For any given t0 there exists a neighborhood U0 of {Ψ = −∞}∩Dm on M , such
that for any ε, v′′t0,ε ◦Ψ|U0 = 0. Therefore ∂¯γm,t0,ε|U0\S = 0.
As Ψ is upper-semicontinuous and φ is bounded on Dm, it is easy to see that
γm,t0,ε is locally L
2 integrable along S. Then γm,t0,ε can be extended to U0 as a
holomorphic function, which is denoted by γ˜m,t0,ε.
It follows from Ψ ∈ #(S) that e−Ψ is disintegrable near S. Then γ˜m,t0,ε satisfies
γ˜m,t0,ε|S = 0,
and ∫
Dm
|γ˜m,t0,ε|2hcA(−vt0,ε ◦Ψ)dVM ≤
C
eAt0
∫
Dm
(v′′t0,ε ◦Ψ)|F˜ |2he−ΨdVM , (5.12)
where At0 := inft≥t0{u(t)}.
As
lim
t→+∞
u(t) = − log(1
δ
cA(−A)eA +
∫ +∞
−A
cA(t)e
−tdt),
it is easy to see that
lim
t0→∞
1
eAt0
=
1
δ
cA(−A)eA +
∫ +∞
−A
cA(t)e
−tdt.
Let Fm,t0,ε := (1 − v′t0,ε ◦ Ψ)F˜ − γ˜m,t0,ε. By γ˜m,t0,ε|S = 0, then Fm,t0,ε is a
holomorphic (n, 0)-form with value in E on Dm satisfying
Fm,t0,ε|S = F˜ |S ,
and inequality 5.12 can be reformulated as follows:∫
Dm
|Fm,t0,ε − (1− v′t0,ε ◦Ψ)F˜ |2hcA(−vt0,ε ◦Ψ)dVM
≤ C
eAt0
∫
Dm
(v′′t0,ε ◦Ψ)|F˜ |2he−ΨdVM .
(5.13)
Given t0 and Dm, it is easy to check that (v
′′
t0,ε ◦Ψ)|F˜ |2he−Ψ has a uniform bound
on Dm independent of ε. Then∫
Dm
|(1− v′t0,ε ◦Ψ)F˜ |2hcA(−vt0,ε ◦Ψ)dVM
and ∫
Dm
v′′t0,ε ◦Ψ|F˜ |2he−ΨdVM
has a uniform bound independent of ε, for any given t0 and Dm.
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Using ∂¯Fm,t0,ε = 0 and Lemma 4.5, we can choose a subsequence of {Fm,t0,ε}ε,
such that the chosen sequence is uniformly convergent on any compact subset of
Dm, still denoted by {Fm,t0,ε}ε without ambiguity.
For any compact subset K on Dm, it is easy to check that Fm,t0,ε, (1−v′t0,ε◦Ψ)F˜
and (v′′t0,ε ◦Ψ)|F˜ |2he−Ψ have uniform bounds on K independent of ε.
By the dominated convergence theorem on any compact subset K of Dm and
inequality 5.13, it follows that∫
K
|Fm,t0 − (1 − b′t0(Ψ))F˜ |2hcA(−bt0(Ψ))dVM
≤ C
eAt0
∫
Dm
(I{−t0−1<t<−t0} ◦Ψ)|F˜ |2he−ΨdVM ,
(5.14)
which implies that ∫
Dm
|Fm,t0 − (1− b′t0(Ψ))F˜ |2hcA(−bt0(Ψ))dVM
≤ C
eAt0
∫
Dm
(I{−t0−1<t<−t0} ◦Ψ)|F˜ |2he−ΨdVM .
(5.15)
From the definition of dVM [Ψ] and the inequality
∑n
k=1
πk
k!
∫
Sn−k
|f |2hdVM [Ψ] <
∞, it follows that
lim sup
t0→+∞
∫
Dm
(I{−t0−1<t<−t0} ◦Ψv)|F˜ |2he−ΨdVM
≤ lim sup
t0→+∞
∫
M
IDm
(I{−t0−1<t<−t0} ◦Ψ)|F˜ |2he−ΨdVM
≤
n∑
k=1
πk
k!
∫
Sn−k
IDm
|f |2hdVM [Ψ] ≤
n∑
k=1
πk
k!
∫
Sn−k
|f |2hdVM [Ψ] <∞
(5.16)
Then
∫
Dm
(I{−t0−1<t<−t0} ◦Ψ)|F˜ |2he−ΨdVM have uniform bounds independent of
t0 for any given Dm, and
lim sup
t0→+∞
∫
Dm
(I{−t0−1<t<−t0} ◦Ψ)|F˜ |2he−ΨdVM
≤
n∑
k=1
πk
k!
∫
Sn−k
|f |2hdVM [Ψ] <∞.
(5.17)
It is clear that ∫
Dm
|Fm,t0 − (1− b′t0(Ψ))F˜ |2hcA(−bt0(Ψ))dVM
has a uniform bound independent of t0, for any given Dm.
Using the fact that ∫
Dm
|(1 − b′t0(Ψ))F˜ |2hcA(−bt0(Ψ))dVM
has a uniform bound independent of t0, inequality 5.15, and the following inequality
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(
∫
Dm
|Fm,t0 − (1− b′t0(Ψ))F˜ |2hcA(−bt0(Ψ))dVM )
1
2
+(
∫
Dm
|(1− b′t0(Ψ))F˜ |2hcA(−bt0(Ψ))dVM )
1
2
≥(
∫
Dm
|Fm,t0 |2hcA(−bt0(Ψ))dVM )
1
2 ,
(5.18)
we obtain that
∫
Dm
|Fm,t0 |2hcA(−bt0(Ψ))dVM has a uniform bound independent of
t0.
Using ∂¯Fm,t0 = 0 and Lemma 4.5, we can choose a subsequence of {Fm,t0}t0 ,
such that the chosen subsequence is uniformly convergent on any compact subset
of Dm, still denoted by {Fm,t0}t0 without ambiguity.
For any compact subset K on Dm, it is clear that both Fm,t0 and (1− b′t0 ◦Ψ)F˜
have uniform bounds on K independent of t0.
By inequality 5.15, inequality 5.17, the equality
lim
t0→∞
1
eAt0
=
1
δ
cA(−A)eA +
∫ +∞
−A
cA(t)e
−tdt,
and the dominated convergence theorem on any compact subset K of Dm, it follows
that ∫
Dm
IK |Fm|2hcA(−Ψ)dVM
≤ C(1
δ
cA(−A)eA +
∫ +∞
−A
cA(t)e
−tdt)
n∑
k=1
πk
k!
∫
Sn−k
|f |2hdVM [Ψ],
(5.19)
which implies that∫
Dm
|Fm|2hcA(−Ψ)dVM
≤ C(1
δ
cA(−A)eA +
∫ +∞
−A
cA(t)e
−tdt)
n∑
k=1
πk
k!
∫
Sn−k
|f |2hdVM [Ψ],
(5.20)
where the Lebesgue measure of {Ψ = −∞} is zero.
Define Fm = 0 on M\Dm. Then the weak limit of some weakly convergent
subsequence of {Fm}∞m=1 gives a holomorphic section F of KM⊗E onM satisfying
F |S = F˜ |S , and∫
M
|F |2hcA(−Ψ)dVM ≤ C(
1
δ
cA(−A) +
∫ +∞
−A
cA(t)e
−tdt)
n∑
k=1
πk
k!
∫
Sn−k
|f |2hdVM [Ψ].
To finish the proof of Theorem 2.1, it suffices to determine η and φ such that
(η + g−1) ≤ Cc−1A (−vt0,ε ◦Ψ)e−vt0,ε◦Ψe−φ = Cµ−1 on Dm.
Recall that η = s(−vt0,ε◦Ψ) and φ = u(−vt0,ε◦Ψ). So we have (η+g−1)evt0,ε◦Ψeφ =
(s+ s
′2
u′′s−s′′ )e
−teu ◦ (−vt0,ε ◦Ψ).
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Summarizing the above discussion about s and u, we are naturally led to a
system of ODEs:
1). (s+
s′2
u′′s− s′′ )e
u−t =
C
cA(t)
,
2). s′ − su′ = 1,
(5.21)
where t ∈ (−A,+∞) and C = 1; s ∈ C∞((−A,+∞)) satisfies s ≥ 1δ and u ∈
C∞((−A,+∞)) satisfies limt→+∞ u(t) = − log(1δ cA(−A)eA+
∫∞
−A cA(t)e
−tdt) such
that u′′s− s′′ > 0.
We solve the above system of ODEs in subsection 5.4 and get the solution of the
system of ODEs 5.21:
1).u = − log(1
δ
cA(−A)eA +
∫ t
−A
cA(t1)e
−t1dt1),
2).s =
∫ t
−A(
1
δ cA(−A)eA +
∫ t2
−A cA(t1)e
−t1dt1)dt2 + 1δ2 cA(−A)eA
1
δ cA(−A)eA +
∫ t
−A cA(t1)e
−t1dt1
,
(5.22)
One can check that s ∈ C∞((−A,+∞)), and u ∈ C∞((−A,+∞)) with limt→+∞ u(t) =
− log(1δ cA(−A)eA +
∫ +∞
−A cA(t1)e
−t1dt1).
It follows from su′′ − s′′ = −s′u′ and u′ < 0 that u′′s − s′′ > 0 is equivalent to
s′ > 0. It’s easy to see that the inequality 2.1 is just s′ > 0. Therefore u′′s−s′′ > 0.
In conclusion, we have proved Theorem 2.1 with the constant C = 1.
Remark 5.1. Both C and the power of δ in Theorems 2.1 and 5.2 are optimal on
the ball Bm(0, e
A
2m ) with trivial holomorphic line bundle when S = {0}.
5.2. A singular metric version of Theorem 2.1.
In this subsection, we formulate and prove the following singular metric version
of Theorem 2.1:
Theorem 5.2. Let (M,S) satisfy condition (ab), h be a singular metric on a
holomorphic line bundle L on M , which is locally integrable on M . Then, for
any function Ψ on M such that Ψ ∈ ∆A,h,δ(S), there exists a uniform constant
C = 1, which is optimal, such that, for any holomorphic section f of KM ⊗ L|S
on S satisfying L2 integrable condition 2.2, there exists a holomorphic section F of
KM ⊗ L on M satisfying F = f on S and optimal estimate 2.3.
Proof. By Remark 4.7, it suffices to prove the case that M is a Stein manifold.
By Lemma 4.6 and Lemma 4.8, it suffices to prove the case that cA is smooth
on (A,+∞) and continuous on (A,+∞], such that limt→+∞ cA(t) > 0.
SinceM is a Stein manifold, we can find a sequence of Stein manifolds {Dm}∞m=1
satisfying Dm ⊂⊂ Dm+1 for all m and
∞∪
m=1
Dm =M .
As ϕ + Ψ and ϕ + (1 + δ)Ψ are plurisubharmonic functions on M , then by
Lemma 4.13, we have smooth functions ϕk and Ψk on M , such that ϕk + Ψk and
ϕk+(1+δ)Ψk are plurisubharmonic functions onM , which are deceasing convergent
to ϕ+Ψ and ϕ+ (1 + δ)Ψ respectively.
Since M is Stein, there is a holomorphic section F˜ of KM on M such that
F˜ |S = f . Let ds2M be a Ka¨hler metric on M and dVM be the volume form with
respect to ds2M .
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Let {vt0,ε}t0∈R,ε∈(0, 14 ) be a family of smooth increasing convex functions on R,
such that:
1). vt0,ε(t) = t for t ≥ −t0−ε, vt0,ε(t) is a constant for t < −t0−1+ε depending
on t0, ε;
2). v′′t0,ε(t) is pointwise convergent to I{−t0−1<t<−t0} when ε → 0, and 0 ≤
v′′t0,ε(t) ≤ 2 for any t ∈ R;
3). vt0,ε(t) is C
1 convergent to bt0(t) (bt0(t) :=
∫ t
−∞(
∫ t2
−∞ I{−t0−1<t1<−t0}dt1)dt2−∫ 0
−∞(
∫ t2
−∞ I{−t0−1<t1<−t0}dt1)dt2 is also a C
1 function on R) when ε → 0, and
0 ≤ v′t0,ε(t) ≤ 1 for any t ∈ R.
As before, let η = s(−vt0,ε◦Ψk) and φ = u(−vt0,ε◦Ψk), where s ∈ C∞((−A,+∞))
satisfies s ≥ 1δ , and u ∈ C∞((−A,+∞))∩C∞([−A,+∞)) satisfies limt→+∞ u(t) =
− log(1δ cA(−A)eA +
∫∞
−A cA(t)e
−tdt), such that u′′s− s′′ > 0 and s′ − u′s = 1. Let
h˜ = e−ϕk−Ψk−φ.
Now let α ∈ D(X,Λn,1T ∗Dm) be a smooth (n, 1)- form with compact support on
Dm. Using Lemma 4.1 and Lemma 4.2, the inequality s ≥ 1δ and the fact that
ϕk +Ψk is plurisubharmonic on Dm, we get
‖(η + g−1) 12D′′∗α‖2
Dm,h˜
+ ‖η 12D′′α‖2
Dm,h˜
≥≪ [η√−1Θh˜ −
√−1∂∂¯η −√−1g∂η ∧ ∂¯η,Λω]α, α≫Dm,h˜
≥≪ [η√−1∂∂¯φ+ 1
δ
√−1∂∂¯(ϕk +Ψk)−
√−1∂∂¯η −√−1g∂η ∧ ∂¯η,Λω]α, α≫Dm,h˜ .
(5.23)
where g is a positive continuous function on Dm. We need some calculations to
determine g.
We have
∂∂¯η = −s′(−vt0,ε ◦Ψk)∂∂¯(vt0,ε ◦Ψk) + s′′(−vt0,ε ◦Ψk)∂(vt0,ε ◦Ψk) ∧ ∂¯(vt0,ε ◦Ψk),
(5.24)
and
∂∂¯φ = −u′(−vt0,ε ◦Ψk)∂∂¯vt0,ε ◦Ψk + u′′(−vt0,ε ◦Ψk)∂(vt0,ε ◦Ψk) ∧ ∂¯(vt0,ε ◦Ψk).
(5.25)
Therefore
η
√−1∂∂¯φ−√−1∂∂¯η −√−1g∂η ∧ ∂¯η
=(s′ − su′)√−1∂∂¯(vt0,ε ◦Ψk) + ((u′′s− s′′)− gs′2)
√−1∂(vt0,ε ◦Ψk) ∧ ∂¯(vt0,ε ◦Ψk)
=(s′ − su′)((v′t0,ε ◦Ψk)
√−1∂∂¯Ψk + (v′′t0,ε ◦Ψk)
√−1∂(Ψk) ∧ ∂¯(Ψk))
+((u′′s− s′′)− gs′2)√−1∂(vt0,ε ◦Ψk) ∧ ∂¯(vt0,ε ◦Ψk).
(5.26)
We omit composite item (−vt0,ε ◦ Ψk) after s′ − su′ and (u′′s − s′′) − gs′2 in the
above equalities.
Let g = u
′′s−s′′
s′2 ◦ (−vt0,ε ◦Ψk). We have η + g−1 = (s+ s
′2
u′′s−s′′ ) ◦ (−vt0,ε ◦Ψk).
Since ϕk+Ψk and ϕk+(1+δ)Ψk are plurisubharmonic onM and 0 ≤ v′t0,ε◦Ψk ≤
1, we have
(1− v′t0,ε ◦Ψk)
√−1∂∂¯(ϕk +Ψk) + (v′t0,ε ◦Ψk)
√−1∂∂¯(ϕk +(1+ δ)Ψk) ≥ 0, (5.27)
42 QI’AN GUAN AND XIANGYU ZHOU
on M \ S, which means that
1
δ
√−1∂∂¯(ϕk +Ψk) + (v′t0,ε ◦Ψk)∂∂¯Ψk ≥ 0, (5.28)
on M .
As v′t0,ε ≥ 0 and s′ − su′ = 1, using Lemma 4.2, equality 5.26, and inequalities
5.23 and 5.28, we have
〈Bα,α〉h˜ =〈[η
√−1Θh˜ −
√−1∂∂¯η −√−1g∂η ∧ ∂¯η,Λω]α, α〉h˜
≥〈[(v′′t0,ε ◦Ψk)
√−1∂Ψk ∧ ∂¯Ψk,Λω]α, α〉h˜
=〈(v′′t0,ε ◦Ψk)∂¯Ψk ∧ (αx(∂¯Ψk)♯
)
, α〉h˜.
(5.29)
Using the definition of contraction, Cauchy-Schwarz inequality and the inequality
5.29, we have
|〈(v′′t0,ε ◦Ψ)∂¯Ψ ∧ γ, α˜〉h˜|2 =|〈(v′′t0,ε ◦Ψ)γ, α˜x(∂¯Ψ)♯
〉
h˜
|2
≤〈(v′′t0,ε ◦Ψ)γ, γ〉h˜(v′′t0,ε ◦Ψ)|α˜x(∂¯Ψ)♯
∣∣2
h˜
=〈(v′′t0,ε ◦Ψ)γ, γ〉h˜〈(v′′t0,ε ◦Ψ)∂¯Ψ ∧ (α˜x(∂¯Ψ)♯
)
, α˜〉h˜
≤〈(v′′t0,ε ◦Ψ)γ, γ〉h˜〈Bα˜, α˜〉h˜,
(5.30)
for any (n, q) form γ and (n, q + 1) form α˜ with values in E.
Take λ = ∂¯[(1− v′t0,ε(Ψ))F˜ ], γ = F˜ , and α˜ = B−1∂¯Ψ ∧ F˜ , we have
〈B−1λ, λ〉h˜ ≤ (v′′t0,ε ◦Ψ)|F˜ |2h˜,
then it is easy to see that∫
Dm\S
〈B−1λ, λ〉h˜dVM ≤
∫
Dm\S
(v′′t0,ε ◦Ψ)|F˜ |2h˜dVM .
From Lemma 4.3, it follows that there exists an (n, 0)-form γm,t0,ε,k on Dm
satisfying ∂¯γm,t0,ε,k = λ and
∫
Dm
|γm,t0,ε,k|2h˜(η + g−1)−1dVM ≤
∫
Dm
(v′′t0,ε,k ◦Ψk)|F˜ |2h˜dVM . (5.31)
Let µ1 = e
vt0,ε◦Ψk , µ = µ1cA(−vt0,ε ◦Ψk)eφ.
Claim that we can choose η and φ satisfying µ ≤ C(η + g−1)−1, which will be
discussed at the end of this subsection, where C is just the constant in Theorem
5.2.
Let Fm,t0,ε,k := (1− v′t0,ε ◦Ψk)F˜ − γm,t0,ε,k. Then inequality 5.31 means that
∫
Dm
|Fm,t0,ε,k − (1− v′t0,ε ◦Ψk)F˜ |2e−ϕk−Ψk+vt0,ε◦ΨkcA(−vt0,ε ◦Ψk)dVM
≤
∫
Dm
(v′′t0,ε ◦Ψk)|F˜ |2h˜dVM .
(5.32)
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Note that for any compact subset K of Dm, we obtain
(
∫
K
|Fm,t0,ε,k − (1− v′t0,ε ◦Ψk)F˜ |2e−ϕk−Ψk+vt0,ε◦ΨkcA(−vt0,ε ◦Ψk)dVM )1/2
+ (
∫
K
|(v′t0,ε ◦Ψk)F˜ |2e−ϕk−Ψk+vt0,ε◦ΨkcA(−vt0,ε ◦Ψk)dVM )1/2
≥ (
∫
K
|Fm,t0,ε,k − F˜ |2e−ϕk−Ψk+vt0,ε◦ΨkcA(−vt0,ε ◦Ψk)dVM )1/2,
(5.33)
Note that:
1), e−ϕk−Ψk , evt0,ε◦Ψk and cA(−vt0,ε ◦ Ψk) have uniform positive lower bounds
independent of k;
2), |v′t0,ε ◦Ψk)F˜ |2e−Ψ and
∫
Dm
(v′′t0,ε ◦Ψk)|F˜ |2h˜dVM have uniform positive upper
bounds independent of k;
3), e−ϕ is locally integrable on M and the sequence ϕk + Ψk is decreasing with
respect to k.
According to inequality 5.33, it follows that
∫
K |Fm,t0,ε,k−F˜ |2dVM has a uniform
bound independent of k for any compact subset K of Dm.
Using Lemma 4.5, we have a subsequence of {Fm,t0,ε,k}k, still denoted by {Fm,t0,ε,k}k,
which is uniformly convergent to a holomorphic (n, 0) form Fm,t0,ε on any compact
subset of Dm.
As all terms evt0,ε◦Ψk , cA(−vt0,ε◦Ψk), (1−v′t0,ε◦Ψk)F˜ , and (v′′t0,ε◦Ψk)|F˜ |2e−ϕk−Ψk−φ
have uniform positive upper bounds independent of k, and vt0,ε(Ψk) ≥ Ψk, it follows
from the dominated convergence theorem that∫
K
|Fm,t0,ε − (1− v′t0,ε ◦Ψ)F˜ |2e−ϕk−Ψk+vt0,ε◦ΨcA(−vt0,ε ◦Ψ)dVM
≤
∫
Dm
(v′′t0,ε ◦Ψ)|F˜ |2e−ϕ−Ψ−u(−vt0,ε(Ψ))dVM ,
(5.34)
for any compact subset K of Dm.
As the sequence ϕk+Ψk is decreasing convergent to ϕ+Ψ, it follows from Levi’s
theorem that∫
K
|Fm,t0,ε − (1− v′t0,ε ◦Ψ)F˜ |2e−ϕ−Ψ+vt0,ε◦ΨcA(−vt0,ε ◦Ψ)dVM
≤
∫
Dm
(v′′t0,ε ◦Ψ)|F˜ |2e−ϕ−Ψ−u(−vt0,ε(Ψ))dVM .
(5.35)
for any compact subset K of Dm, which means∫
Dm
|Fm,t0,ε − (1− v′t0,ε ◦Ψ)F˜ |2e−ϕ−Ψ+vt0,ε◦ΨcA(−vt0,ε ◦Ψ)dVM
≤
∫
Dm
(v′′t0,ε ◦Ψ)|F˜ |2e−ϕ−Ψ−u(−vt0,ε(Ψ))dVM .
(5.36)
Note that e−Ψ is not integrable along S, and Fm,t0,ε and (1 − v′t0,ε ◦ Ψ)F˜ are
both holomorphic near S.
Then Fm,t0,ε − (1− v′t0,ε ◦Ψ)F˜ |S = 0, therefore Fm,t0,ε|S = F˜ |S . It is clear that
Fm,t0,ε is an extension of f .
Note that vt0,ε(Ψ) ≥ Ψ. Then the inequality 5.36 becomes
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∫
Dm
|Fm,t0,ε − (1− v′t0,ε ◦Ψ)F˜ |2e−ϕcA(−vt0,ε ◦Ψ)dVM
≤
∫
Dm
(v′′t0,ε ◦Ψ)|F˜ |2e−ϕ−Ψ−u(−vt0,ε(Ψ))dVM
≤ 1
eAt0
(v′′t0,ε ◦Ψ)|F˜ |2e−ϕ−ΨdVM ,
(5.37)
where At0 := inft≥t0{u(t)}.
As
lim
t→+∞
u(t) = − log(1
δ
cA(−A) +
∫ +∞
−A
cA(t)e
−tdt),
it is clear that
lim
t0→∞
1
eAt0
=
1
δ
cA(−A) +
∫ +∞
−A
cA(t)e
−tdt.
Given t0 and Dm,
(v′′t0,ε ◦Ψ)|F˜ |2e−ϕ−Ψ
has a uniform bound on Dm independent of ε. Then both∫
Dm
|(1 − v′t0,ε ◦Ψ)F˜ |2e−ϕcA(−vt0,ε ◦Ψ)dVM
and ∫
Dm
v′′t0,ε ◦Ψ|F˜ |2e−ϕ−ΨdVM
have uniform bounds independent of ε for any given t0 and Dm.
Using the equation ∂¯Fm,t0,ε = 0 and Lemma 4.5, we can choose a subsequence of
{Fm,t0,ε}ε, such that the chosen sequence is uniformly convergent on any compact
subset of Dm, still denoted by {Fm,t0,ε}ε without ambiguity.
For any compact subsetK onDm, all terms Fm,t0,ε, (1−v′t0,ε◦Ψ)F˜ , cA(−vt0,ε◦Ψ)
and (v′′t0,ε ◦Ψ)|F˜ |2e−ϕ−Ψ have uniform bounds on K independent of ε.
Using the dominated convergence theorem on any compact subset K of Dm and
inequality 5.37, we have∫
K
|Fm,t0 − (1− b′t0(Ψ))F˜ |2e−ϕcA(−bt0(Ψ))dVM
≤ C
eAt0
∫
Dm
(I{−t0−1<t<−t0} ◦Ψ)|F˜ |2e−ϕ−ΨdVM ,
(5.38)
which implies ∫
Dm
|Fm,t0 − (1− b′t0(Ψ))F˜ |2e−ϕcA(−bt0(Ψ))dVM
≤ C
eAt0
∫
Dm
(I{−t0−1<t<−t0} ◦Ψ)|F˜ |2e−ϕ−ΨdVM .
(5.39)
According to the definition of dVM [Ψ] and the assumption
∑n
k=1
πk
k!
∫
Sn−k
|f |2hdVM [Ψ] <
∞, it follows that
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lim sup
t0→+∞
∫
Dm
(I{−t0−1<t<−t0} ◦Ψ)|F˜ |2e−ϕ−ΨdVM
≤ lim sup
t0→+∞
∫
M
IDm
(I{−t0−1<t<−t0} ◦Ψ)|F˜ |2e−ϕ−ΨdVM
≤
n∑
k=1
πk
k!
∫
Sn−k
ID|f |2hdVM [Ψ] ≤
n∑
k=1
πk
k!
∫
Sn−k
|f |2hdVM [Ψ] <∞
(5.40)
Then ∫
Dm
(I{−t0−1<t<−t0} ◦Ψ)|F˜ |2e−ϕ−ΨdVM
has a uniform bound independent of t0 for any given Dm, and
lim sup
t0→+∞
∫
Dm
(I{−t0−1<t<−t0} ◦Ψ)|F˜ |2e−ϕ−ΨdVM
≤
n∑
k=1
πk
k!
∫
Sn−k
|f |2e−ϕdVM [Ψ] <∞.
(5.41)
Therefore ∫
Dm
|Fm,t0 − (1− b′t0(Ψ))F˜ |2e−ϕcA(−bt0(Ψ))dVM
has a uniform bound independent of t0 for any given Dm.
Since ∫
Dm
|(1− b′t0(Ψ))F˜ |2e−ϕcA(−bt0(Ψ))dVM
has a uniform bound independent of t0, and
(
∫
Dm
|Fm,t0 − (1− b′t0(Ψ))F˜ |2e−ϕcA(−bt0(Ψ))dVM )
1
2
+(
∫
Dm
|(1− b′t0(Ψ))F˜ |2e−ϕcA(−bt0(Ψ))dVM )
1
2
≥(
∫
Dm
|Fm,t0 |2e−ϕcA(−bt0(Ψ))dVM )
1
2 ,
(5.42)
it follows from inequality 5.39 that
∫
Dm
|Fm,t0 |2e−ϕcA(−bt0(Ψ))dVM has a uniform
bound independent of t0.
Using the equation ∂¯Fm,t0 = 0 and Lemma 4.5, we can choose a subsequence of
{Fm,t0}t0 , such that the chosen sequence is uniformly convergent on any compact
subset of Dm, still denoted by {Fm,t0}t0 without ambiguity.
For any compact subset K on Dm, both Fm,t0 and (1− b′t0 ◦Ψ)F˜ have uniform
bounds on K independent of t0.
Using inequalities 5.39 and 5.41, the following equality
lim
t0→∞
1
eAt0
=
∫ +∞
−A
cA(t)e
−tdt,
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and the dominated convergence theorem on any compact subset K of Dm, we have∫
Dm
IK |Fm|2e−ϕcA(−Ψ)dVM
≤ C(
∫ +∞
−A
cA(t)e
−tdt)
n∑
k=1
πk
k!
∫
Sn−k
|f |2e−ϕdVM [Ψ],
(5.43)
which implies ∫
Dm
|Fm|2e−ϕcA(−Ψ)dVM
≤ C(
∫ +∞
−A
cA(t)e
−tdt)
n∑
k=1
πk
k!
∫
Sn−k
|f |2e−ϕdVM [Ψ],
(5.44)
where the Lebesgue measure of {Ψ = −∞} is zero.
Define Fm = 0 on M\Dm. Then the weak limit of some weakly convergent
subsequence of {Fm}∞m=1 gives a holomorphic section F of KM⊗E onM satisfying
F |S = F˜ |S , and∫
M
|F |2e−ϕcA(−Ψ)dVM
≤ C(1
δ
cA(−A)eA +
∫ +∞
−A
cA(t)e
−tdt)
n∑
k=1
πk
k!
∫
Sn−k
|f |2e−ϕdVM [Ψ].
(5.45)
To finish the proof of Theorem 5.2, it suffices to determine η and φ such that
(η + g−1) ≤ Cc−1A (−vt0,ε ◦Ψ)e−vt0,ε◦Ψe−φ = Cµ−1 on Dv.
As η = s(−vt0,ε ◦ Ψ) and φ = u(−vt0,ε ◦ Ψ), we have (η + g−1)evt0,ε◦Ψeφ =
(s+ s
′2
u′′s−s′′ )e
−teu ◦ (−vt0,ε ◦Ψ).
We naturally obtain the system of ODEs 5.21, where t ∈ (−A,+∞), C = 1, s ∈
C∞((−A,+∞)) satisfying s ≥ 1δ , u ∈ C∞((−A,+∞)) satisfying limt→+∞ u(t) =
− log(1δ cA(−A)eA +
∫∞
−A cA(t)e
−tdt), and u′′s− s′′ > 0.
We solve the system of ODEs 5.21 in subsection 5.4 and get the solution
1).u = − log(1
δ
cA(−A)eA +
∫ t
−A
cA(t1)e
−t1dt1),
2).s =
∫ t
−A(
1
δ cA(−A)eA +
∫ t2
−A cA(t1)e
−t1dt1)dt2 + 1δ2 cA(−A)eA
1
δ cA(−A)eA +
∫ t
−A cA(t1)e
−t1dt1
.
(5.46)
One can check that s ∈ C∞((−A,+∞)), limt→+∞ u(t) = − log(1δ cA(−A)eA +∫ +∞
−A cA(t1)e
−t1dt1), and u ∈ C∞((−A,+∞)).
As su′′ − s′′ = −s′u′ and u′ < 0, it is clear that u′′s − s′′ > 0 is equivalent to
s′ > 0, and inequality 2.1 means that s′ > 0, then we obtain u′′s− s′′ > 0.
In conclusion, we have proved Theorem 5.2. 
Using Remark 4.10 and Lemma 4.8, we may replace smoothness of cA by conti-
nuity.
When we take cA = 1, using the above Theorem 2.1 and Theorem 5.2, one
obtains main results in [30] and [31], which are the optimal estimate versions of
main theorems in [40, 42].
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5.3. Proof of Theorem 2.2.
By Remark 4.7, it suffices to prove the case that M is a Stein manifold.
By Lemma 4.6 and Lemma 4.8, it is enough to prove the case that cA is smooth
on (A,+∞) and continuous on (A,+∞], such that limt→+∞ cA(t) exists and bigger
than 0.
SinceM is a Stein manifold, we can find a sequence of Stein manifolds {Dm}∞m=1
satisfying Dm ⊂⊂ Dm+1 for all m and
∞∪
m=1
Dm = M . All Dm \ S are complete
Ka¨hler ([24]).
As Ψ is a plurisubharmonic function on M , then
(1). when A < +∞, supz∈Dm Ψ(z) < A− ε, where ε > 0.
(2). when A = +∞, supz∈Dm Ψ(z) < Am, where Am < +∞ is sufficient large.
We just consider our proof for the condition (1) (the case under the condition
(2) can be proved similarly), By Lemma 4.11, for any given A′ < A, it follows that
there exists cA′′ and δ
′′ > 0 satisfying conditions 1), 2), 3) in Lemma 4.11, where
A′′ < A and A′′ > A− ε.
Note that
√−1∂∂¯Ψ ≥ 0, and √−1Θhe−Ψ ≥ 0 on M \ S implies conditions 1)
and 2) in Theorem 2.1 for any δ′′ > 0.
Using Theorem 2.1, we obtain a holomorphic (n, 0) form Fm,A′′ with value in E
on Dm, which satisfies Fm|S = f and∫
Dm
cA′′(−Ψ)|Fm,A′′ |2h ≤ C
∫ ∞
−A
cA(t)e
−tdt
n∑
k=1
πk
k!
∫
Sn−k
|f |2hdVM [Ψ].
Note that cA′′(−Ψ) is uniformly convergent to cA(−Ψ) on any compact subset
of Dm, as A
′′ → A. Let A′ → A (A′′ → A), and then let m → +∞, using Lemma
4.6, we prove the present theorem.
Remark 5.3. C is optimal on the ball Bm(0, e
A
2m ) for trivial holomorphic line
bundle when S = {0}, and Ψ = 2m log |z|. When A = +∞, Bm(0, e A2m ) := Cm.
Using Theorem 2.2 and Corollary 4.17 by taking d2 = 1, we obtain
Corollary 5.4. Let Ω be an open Riemann surface which admits a Green function
G, and Ψ := 2G(z, z0). Let Vz0 be a neighborhood of z0 with a local coordinate z,
which satisfies Ψ|Vz0 ≤ Ψ|Ω\Vz0 and Ψ|Vz0 = log |z|2.
If there is a unique holomorphic (1, 0) form F , such that F |z0 = dz and∫
Ω
√−1F ∧ F¯ ≤ π
∫
z0
|dz|2dVΩ[Ψ],
then we have F |Vz0 = dz.
5.4. Solution of the ODE system 5.21.
We now solve the equations 5.21 as follows:
By 2) of equation 5.21, it follows that su′′ − s′′ = −s′u′. Then 1) of equation
5.21 can be reformulated to
(s− s
′
u′
)eu−t =
C
cA(t)
,
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i.e.
su′ − s′
u′
eu−t =
C
cA(t)
.
By 2) of equation 5.21 again, it follows that
C
cA(t)
=
su′ − s′
u′
eu−t =
−1
u′
eu−t,
therefore
de−u
dt
= −u′e−u = cA(t)e
−t
C
.
Note that 2) of equation 5.21 is equivalent to d(se
−u)
dt = e
−u.
As s ≥ 0, we obtain the solution

u = − log(a+ ∫ t−A cA(t1)e−t1dt1),
s =
∫
t
−A
(a+
∫ t2
−A cA(t1)e
−t1dt1)dt2+b
a+
∫
t
−A
cA(t1)e−t1dt1
,
when C = 1, where a ≥ 0 and b ≥ 0.
As limt→+∞ u(t) = − log(1δ cA(−A)eA+
∫ +∞
−A cA(t1)e
−t1dt1), we have a = 1δ cA(−A)eA.
As s ≥ 1δ , we have ba ≥ 1δ .
As u′ < 0 and su′′ − s′′ = −s′u′, it is clear that u′′s − s′′ > 0 is equivalent to
s′ > 0. By inequality s′ > 0, it follows that a2 ≥ cA(−A)eAb. Then we get b = 1δa.
5.5. Verifications of Remark 5.1 and Remark 5.3.
Let Bm(0, e
A
2m ) be the unit ball with radius e
A
2m on Cm (Bm(0,+∞) := Cm),
with coordinate z = {z1, · · · , zm}. Let
ϕ(z) = (1 + δ)mmax{log |z|2, log |a|2},
and
Ψ(z) = −mmax{log |z|2, log |a|2}+m log |z|2 +A− ε,
where a ∈ (0,+∞) and ε > 0.
As both ϕ and ϕ+ (1 + δ)Ψ are plurisubharmonic, and
ϕ+Ψ =
δϕ+ (ϕ+ (1 + δ)Ψ)
1 + δ
,
it is clear that Ψ(z) ∈ ∆ϕ,δ(S), where S = {z = 0}.
For any f(0) 6= 0, it suffices to prove
lim
a→0
min
F∈Hol(Bm(0,e A2m ))
∫
Bm(0,e
A
2m )
|F |2cA(−Ψ)e−ϕdλ
a−2δeε−A|F (0)|2
=
πm
m!
(
∫ +∞
−A+ε
cA(t)e
−tdt+
1
δ
cA(−A+ ε)eA−ε),
(5.47)
where F (0) = f(0).
Because e−ϕdλ[Ψ] = a−2δeεδ0 (by Lemma 4.14), where δ0 is the dirac function
at 0, let ε go to zero, then we see that the constant of Theorem 2.2 is optimal.
Set Taylor expansion of at 0 ∈ Cm of F (z) =∑∞k=0 akzk, where k = {k1, · · · , km},
ak are complex constants, and z
k = zk11 · · · zkmm .
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Note that
∫
∆
zk1 z¯k2e−ϕdλ = 0 when k1 6= k2, and
∫
∆
zk1 z¯k2e−ϕdλ > 0 when
k1 = k2, it is clear that
min
F∈Hol(Bm(0,e A2m ))
∫
Bm(0,e
A
2m )
cA(−Ψ)|F |2e−ϕdλ =
∫
Bm(0,e
A
2m )
cA(−Ψ)|F (0)|2e−ϕdλ.
It is not hard to see that∫
Bm(0,e
A
2m )
cA(−Ψ)e−ϕdλ = π
m
m!
(a−2δe−A+ε
∫ +∞
−A+ε
cA(t)e
−tdt+cA(−A+ε)a
−2δ − e−δA
δ
),
and
lim
a→0
a−2δ − e−δA
δa−2δ
=
1
δ
.
As
∫∞
−A cA(t)e
−tdt < ∞, cA(−A)eA < ∞ and cA(−A)eA 6= 0, then we have
proved the equality 5.47. Now we finishing proving Remark 5.1.
Let ϕ = 0 and Ψ = m log |z|2, then we obtain Remark 5.3 on Bm(0, e A2m ), where
A ∈ (−∞,+∞].
6. Proofs of the main corollaries
In this section, we give proofs of the main corollaries including a conjecture
of Suita on the equality conditions in Suita’s conjecture and the extended Suita
conjecture, optimal estimates of various known L2 extension theorems, optimal
estimate for Lp extension and for L
2
m extension, etc.
6.1. Proof of Theorem 3.1.
It is well-known that if Ω is conformally equivalent to the unit disc less a (pos-
sible) closed set of inner capacity zero, then
πBΩ(z0) = c
2
β(z0).
It suffices to prove that if πBΩ(z0) = c
2
β(z0) holds, then Ω is conformally equiv-
alent to the unit disc less a (possible) closed set of inner capacity zero.
As Ω is a noncompact Riemann surface, there exists a holomorphic function g0
on Ω, which satisfies dg0|z0 6= 0, g0|z0 = 0, and g0|Ω\{z0} 6= 0.
Let p : ∆→ Ω be the universal covering of Ω. We can choose a connected com-
ponent Vz0 small enough, such that p is biholomorphic on any connected component
of p−1(Vz0).
Since p∗(GΩ(z, z0) − log |g0(z)|) is a harmonic function on ∆ (by Lemma 4.20),
then there exists a holomorphic function f1 on ∆, such that the real part of f1 is
p∗(GΩ(z, z0)− log |w|).
We want to show that for any z1 ∈ Ω, p∗(g0) exp f1 is constant along the fibre
p−1(z1).
Note that
log |p∗((p∗(g0) exp f1)|U0)| = GΩ(z, z0)|Vz0 ,
where U0 is a fixed connected component of p−1(Vz0). By assumption πBΩ(z0) =
c2β(z0), and by Remark 4.32, there is a unique holomorphic (1, 0) form F on Ω,
which satisfies F |z0 = dp∗((p∗(g0) exp f1)|U0 )|z0 , and
√−1
∫
Ω
F ∧ F¯ ≤ π
∫
z0
|dp∗((p∗(g0) exp f1)|U0)|2dVΩ[2GΩ(z, z0)].
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Using Proposition 4.21, we have
dp∗(p∗(g0) exp f1|U0) = F |Vz0 ,
therefore
d(p∗(g0) exp f1|U0) = (p∗F )|U0 .
Using Lemma 4.28, we have d(p∗(g0) exp f1) = p∗F .
For z1 ∈ Ω, there exists Vz1 , a connected neighborhood small enough, such that
p is biholomorphic on any connected component of p−1(Vz1), and U1 and U2 are
any two connected components of p−1(Vz1).
Denote by
g1 = (p|U1)∗((p∗(g0) exp f1)|U1 ),
and
g2 = (p|U2)∗((p∗(g0) exp f1)|U2 ),
they are holomorphic functions on Vz1 .
As d(p∗(g0) exp f1) = p∗F , therefore
(p|U1)∗(d(p∗(g0) exp f1)|U1) = (p|U2)∗((dp∗(g0) exp f1)|U2),
i.e.
dg1 = dg2.
As |p∗(g0) exp f1| = exp(p∗GΩ(·, z0)), which restricted on p−1(z) takes the same
value, we have |g1| = |g2|, which are not constant on Vz1 .
Using Lemma 4.30, we have g1 = g2, therefore (p
∗(g0) exp f1)|p−1(z) is constant
for any z ∈ Ω. Then we obtain a well-defined holomorphic function
g(z) := (p∗(g0) exp f1)|p−1(z)
on Ω, which satisfies |g(z)| = expGΩ(z, z0).
Using Lemma 4.25, we have cB(z0) = cβ(z0). By the assumption πBΩ(z0) =
c2β(z0), it follows that πBΩ(z0) = c
2
B(z0).
Using Lemma 4.26, we obtain that Ω is conformally equivalent to the unit disc
less a (possible) closed set of inner capacity zero.
6.2. Proof of Theorem 3.2.
Let {Ωm}m=1,2,··· be domains with smooth boundaries, which satisfies Ωm ⊂⊂
Ωm+1 and ∪∞m=1Ωm = Ω.
Assume that t ∈ Ω1.
Denote BΩm by Bm, LΩm by Lm, and GΩm by Gm. Denote BΩ by B, LΩ by L,
and GΩ by G. Denote exp limz→t(Gm(z, t)− log |z − t|) by cβ,m(t), where z is the
local coordinate near t.
It is known that Bm =
2
π
∂2Gm(z,t)
∂z∂t¯ , and Lm =
2
π
∂2Gm(z,t)
∂z∂t = by [48] (see also
[54]).
Note that Bm(z, t¯)dz = −Lm(z, t)dz, for z ∈ Ω and t ∈ ∂Ωm (see [54]).
If Lm(z, t) has no zeros for a t, then we obtain a subharmonic function
Hm,t(z) := | Bm(z, t¯)−Lm(z, t) exp−2Gm(z, t)|
which is 1 at ∂Ωm.
A SOLUTION OF AN L2 EXTENSION PROBLEM WITH OPTIMAL ESTIMATE 51
By maximum principle, it follows that Hm,t(z) ≤ 1 for any z ∈ Ω. As Lm(z, t)−
1
π(z−t)2 is holomorphic near t(see page 92, [48]), then we have
lim
z→t
|Lm(z, t)| exp 2Gm(z, t)
= lim
z→t
exp(2Gm(z, t))
π|z − t|2
=
1
π
exp 2 lim
z→t
(Gm(z, t)− log |z − t|)
=
c2β,m(t)
π
(6.1)
Note that limm→+∞ cβ,m(t) = cβ(t) and limm→+∞Bm(t, t¯) = B(t, t¯), and by
Corollary 3.1, it follows that
Bm(t, t¯) > lim
z→t |Lm(z, t)| exp 2Gm(z, t), (6.2)
for m big enough, therefore Hm,t(t) > 1.
It contradicts with Hm(z) ≤ 1 for any z ∈ Ω, when m is big enough. Then
Theorem 3.2 follows.
6.3. Proof of Theorem 3.3.
Let p : ∆→ Ω be the universal covering of Ω. We can choose Vz0 small enough,
such that p is biholomorphic on any component Uj (j = 1, 2, · · · ) of p−1(Vz0).
Let z0 ∈ Ω with local coordinate w = (p|Uj )∗(fz0 |Uj ) for a fixed j. It is known
that if χ−h = χz0 , then c
2
β(z0) = πρ(z0)BΩ,ρ(z0) holds (see [57]). Then it suffices
to prove that if
c2β(z0) = πρ(z0)BΩ,ρ(z0)
holds, then
χ−h = χz0 .
By the assumption
c2β(z0) = πρ(z0)BΩ,ρ(z0),
and by Remark 4.33, it follows that there is a unique holomorphic (1, 0) form F on
Ω, which satisfies ((p|Uj )∗(f−h|Uj ))F |z0 = dw, and
√−1
∫
Ω
F ∧ F¯ ≤ π
∫
z0
|dw|2dVΩ[2GΩ(z, z0)].
It follows from 4.23 that ((p|Uj )∗(f−h|Uj ))F |Vz0 = dw. Then we have
f−h(p∗F )|Uj = (p|Uj )∗dw = dfz0 |Uj .
It follows from Lemma 4.28 that f−hp∗F = dfz0 . As p
∗F is single-valued and
dfz0 ∈ Γχz0 , it is clear that χ−h = χz0 .
6.4. Proof of Theorem 3.6.
Note that −rδ has uniform positive upper and lower bound on D, then we can
consider the function −r instead of δ in the present theorem.
Let Ψ := − log(− rε0|s|2 +1)|D < 0, where ε0 is a positive constant small enough.
As r is strictly plurisubharmonic on D¯, we have r − ε0|s|2 is a plurisubharmonic
function on D for ε0 small enough.
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Note that − log(−t) is increasing convex when t < 0, then − log(−r + ε0|s|2) is
a plurisubharmonic function on D. As log ε0|s|2 is a plurisubharmonic function on
D, then Ψ is a plurisubharmonic function on D.
Let c0(t)|0<t<1 := tα and c0(t)|t≥1 := 1. Then we have
∫ +∞
0
c0(t)e
−tdt < 11+α +
1. Let h := e−(ϕ−α log(−r+ε0|s|
2)). Then we have Θhe−Ψ ≥ 0.
Note that there are positive constants C3 and C4, which are independent of α,
such that c0(−Ψ)e
α log(−r+ε0|s|
2)
rα ≤ max{Cα3 , Cα4 } on D.
By the similar method in the proof of Theorem 2.2, it follows that when h is
C2 smooth, Ψ is C2 plurisubharmonic function, and Θhe−Ψ ≥ 0, Theorem 2.2 also
holds.
For any point z ∈ H , there exists a local holomorphic defining function e of H ,
such that 2 log |s| − 2 log |e| is continuous near z. Then using Lemma 4.14, for any
holomorphic section f on H ∩D, we have an extension F of f on D, such that∫
D
|F |2(−r)αe−ϕdλ ≤ C(D,H)max{Cα3 , Cα4 }
2 + α
1 + α
e−ε0
∫
D∩H
|f |2(−r)1+αe−ϕdλH ,
where C(D,H) only depends on D and H .
As −rδ has uniform upper and lower bounds on D, thus we have proved Theorem
3.6.
6.5. Proof of Theorem 3.8.
AsM is a Stein manifold, then for any given f , there exists a holomorphic section
F1 on KM ⊗ L, such that F1|S = f .
Note that
√−1Θhe−(2−p) log |F1|h ≥
√−1p
2
Θh +
2− p
2
√−1∂∂¯ϕ.
Then the metric he−(2−p) log |F1|h and Ψ satisfy conditions 1) and 2) in Theorem
2.1 on Stein manifold M \ {F1 = 0}.
SinceM is a Stein manifold, we can find a sequence of Stein subdomains {Dj}∞j=1
satisfying Dj ⊂⊂ Dj+1 for all j and
∞∪
j=1
Dj =M , and all Dj \S are complete Ka¨hler
([24]).
Let A1 :=
∫
Dj
cA(−Ψ)|F1|phdVM < +∞.
By the upper semicontinuity of log |F1|h onM , it follows that there exists a new
extension F2 on M of f satisfying:
∫
Dj
cA(−Ψ)|F2|2he−(2−p) log |F1|hdVM ≤
1
δ
cA(−A)eA +
∫ ∞
−A
cA(t)e
−tdt, (6.3)
By Ho¨lder’s inequality, it follows that
∫
Dj
cA(−Ψ)|F2|phdVM =
∫
Dj
cA(−Ψ) |F2|
p
h
|F1|p−
p2
2
h
|F1|p−
p2
2
h dVM
≤ (
∫
Dj
cA(−Ψ)|F2|2he−(2−p) log |F1|hdVM )
p
2 (
∫
Dj
cA(−Ψ)|F1|phdVM )1−
p
2 ,
(6.4)
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which is smaller than
max{(1
δ
cA(−A)eA+
∫ ∞
−A
cA(t)e
−tdt)
p
2A
1− p2
1 ,
1
δ
cA(−A)eA+
∫ ∞
−A
cA(t)e
−tdt} =: A2.
If
A1 ≤ 1
δ
cA(−A)eA +
∫ ∞
−A
cA(t)e
−tdt,
then we are done. We only need to consider the case that
A1 >
1
δ
cA(−A)eA +
∫ ∞
−A
cA(t)e
−tdt.
In this case, A2 < A1.
We can repeat the same argument with F1 replaced by F2 etc, and get a decreas-
ing sequence of numbers Ak, such that
Ak+1 := max{(1
δ
cA(−A)eA+
∫ ∞
−A
cA(t)e
−tdt)
p
2A
1− p2
k ,
1
δ
cA(−A)eA+
∫ ∞
−A
cA(t)e
−tdt}
for k ≥ 1.
It is clear that
Ak+1 >
1
δ
cA(−A)eA +
∫ ∞
−A
cA(t)e
−tdt,
and Ak+1 < Ak. Then limk→∞ Ak exists.
By the definition of Ak, it follows that
lim
k→∞
Ak =
1
δ
cA(−A)eA +
∫ ∞
−A
cA(t)e
−tdt.
Then the present theorem for Dj has been proved. Let j tend to ∞, thus we have
proved the present theorem.
6.6. Proof of Theorem 3.12.
Let h := e−ϕr , where
ϕr := ϕ ∗
1B(0,r)
V ol(B(0, r))
.
Let
Ψ := 2(T − T ∗ 1B(0,r)
V ol(B(0, r))
),
where T is a plurisubharmonic polar function of W on Cn, such that (∂∂¯T ∗
1B(0,r)
V ol(B(0,r)))(z) has a uniformly upper bound on C
n which is independent of z ∈ Cn
and r.
As D+(W ) < p2 , there exists T , for r large enough, we have D(W,T, z, r) <
(1− ǫ)p2 , (ǫ > 0), which implies that√−1∂∂¯((1 + δ)Ψ + ϕr) ≥ 0,
for positive δ small enough.
Note that Ψ has uniformly upper bound on Cn. There exists positive constant C
and C′, such that Cω <
√−1∂∂¯ϕ < C′ω, then we have ϕr −ϕ < Cr < +∞, where
ω =
√−1∂∂¯|z|2. Let cA = 1. Using Theorem 3.8, we obtain the present theorem.
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6.7. Proof of Corollary 3.17.
Let cA(t) := e
tt−2. It is easy to see that
∫∞
−A cA(t)e
−tdt < +∞ and cA(t)e−t is
decreasing with respect to t, where t ∈ (−A,+∞) and A = −2r.
Let Ψ = r log(|w|2) < −2r, where S = {s = 0}. Let δ = 1r .
Note that s(t) =
(1+ 1
r
)t−log t−1
2− 1
t
≥ t2 in Theorem 2.1,
{√−1Θ(E)w,w}
|w|2 ≥ −
√−1∂∂¯ log |w|2.
Then condition 2) in Theorem 2.1 holds.
Note that
|f |2
| ∧r (dw)|2 dVH =
√−1(n−r)
2
{ f∧r(dw) ,
f
∧r(dw)}he
−ψ
(see Remark 12.7 in [19]), and
2r
√−1(n−r)
2
{ f∧r(dw) ,
f
∧r(dw)}he
−ψ = |f |2hdVM [Ψ].
Then it follows from Remark 4.15 and Theorem 2.1 that Corollary 3.17 holds.
Then we illustrate that the estimate is optimal.
Let M be the disc ∆e−1 ⊂ C. Let E be a trivial line bundle with Hermitian
metric hE,a = e
−max{log |z|2,log |a|2}−2, and w = z. Let L be a trivial line bundle
with Hermitian metric hL,a = e
−2max{log |z|2,log |a|2}. It is clear that r = 1, δ = 1.
Let α = 1. Then
|w| = |z|e 12 (−max{log |z|2,log |a|2}−2) ≤ e−1 = e−α
satisfying inequality (b) in Theorem 3.16, and inequality (a) in Theorem 3.16 be-
comes
√−1∂∂¯2max{log |z|2, log |a|2} − 2√−1∂∂¯(max{log |z|2, log |a|2}+ 2) ≥ 0.
Note that√−1Θ(L) + r√−1∂∂¯ log |w|2 =
√−1∂∂¯2max{log |z|2, log |a|2} − √−1∂∂¯(max{log |z|2, log |a|2}+ 2) ≥ 0,
(6.5)
and 1δ cA(−A)eA +
∫ +∞
2 cA(t)e
−tdt = 14 +
∫ +∞
2 t
−2dt = 34 .
Let a go to zero, by arguments in the proof of Remark 5.1, it follows that the
estimate in Corollary 3.17 is optimal.
6.8. Proof of Corollary 3.20.
It is not hard to see that ϕ+ψ and log |w|
2
e −g−1(e−ψg(1−log |w|2)) are plurisub-
harmonic functions.
It suffices to prove the case that M is a Stein manifold and L is a trivial line
bundle with singular metric e−ϕ globally.
Let ϕn + ψn and ψ˜n be smooth plurisubharmonic functions, which are decreas-
ingly convergent to ϕ+ψ and log |w|
2
e − g−1(e−ψg(1− log |w|2)) respectively, when
n→ +∞.
Let g(t) := 1c−1(t)e−t , Ψ := log
e
|w|2 + ψ˜n2 , and h = e
−ϕn1−ψn1+ψ˜n2 .
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SinceM is a Stein manifold, we can find a sequence of Stein subdomains {Dm}∞m=1
satisfying Dm ⊂⊂ Dm+1 for all m and
∞∪
m=1
Dm =M .
Note that log |w|
2
e − g−1(e−ψg(1− log |w|2)) < 0. Given n2, for m large enough,
we have Ψ|Dm = − log e|w|2 + ψ˜n2 |Dm < 1.√−1∂∂¯Ψ ≥ 0 and √−1Θhe−Ψ ≥ 0 on M \ S imply conditions 1) and 2) in
Theorem 2.2.
Using Theorem 2.2 and Lemma 4.14, we obtain a holomorphic (n, 0) form Fm,n1,n2
on Dm, which satisfies Fm,n1,n2 |S = f and∫
Dm
c−1(log
e
|w|2 − ψ˜n2)|Fm,n2,n1 |
2
hdVM
≤ C2π
∫ ∞
−A
c−1(t)e−tdt
∫
S
|f |2e−ϕn1−ψn1dVS
≤ C2π
∫ ∞
−A
c−1(t)e−tdt
∫
S
|f |2e−ϕ−ψdVS ,
(6.6)
therefore∫
Dm
ee−ϕn1−ψn1
|w|2g(log e|w|2 − ψ˜n2)
|Fm,n2,n1 |2dVM ≤ C2πC(g)
∫
S
|f |2e−ϕ−ψdVS .
As ee
−ϕn1−ψn1
|w|2g(log e
|w|2
−ψ˜n2)
has a uniform lower bound for any compact subset ofDm\S,
which is independent of n1, it follows from Lemma 4.6 that there exists a subse-
quence of {Fm,n2,n1}n1 , which is uniformly convergent to a holomorphic (n, 0) form
Fm,n2 on any compact subset of Dm.
By dominated convergence theorem, it follows that∫
Dm
ee−ϕn1−ψn1
|w|2g(log e|w|2 − ψ˜n2)
|Fm,n2 |2dVM ≤ C2πC(g)
∫
S
|f |2e−ϕ−ψdVS .
By Levi’s theorem, it follows that∫
Dm
ee−ϕ−ψ
|w|2g(log e|w|2 − ψ˜n2)
|Fm,n2 |2dVM ≤ C2πC(g)
∫
S
|f |2e−ϕ−ψdVS .
As ee
−ϕ−ψ
|w|2g(log e
|w|2
−ψ˜n2)
has a uniform lower bound for any compact subset ofDm\S,
which is independent of n2, it follows from Lemma 4.6 that there exists a subse-
quence of {Fm,n2}n2 , which is uniformly convergent to a holomorphic (n, 0) form
Fm on any compact subset of Dm.
Note that ee
−ψ
|w|2g(log e
|w|2
−ψ˜n2)
is decreasingly convergent to e|w|2g(log e
|w|2
) , it follows
from Levi’s theorem that∫
Dm
ee−max{ϕ,K}
|w|2g(log e|w|2 )
|Fm,n2 |2dVM ≤ C2πC(g)
∫
S
|f |2e−ϕ−ψdVS ,
where K is a real number.
From dominated convergence theorem on M \ S, it follows that∫
Dm
ee−max{ϕ,K}
|w|2g(log e|w|2 )
|Fm|2dVM ≤ C2πC(g)
∫
S
|f |2e−ϕ−ψdVS .
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Using Lemma 4.6, we have a subsequence of {Fm}m, which is uniformly conver-
gent to a holomorphic (n, 0) form F on any compact subset of M .
Using dominated convergence theorem on M \ S, we have∫
Dm
ee−max{ϕ,K}
|w|2g(log e|w|2 )
|F |2dVM ≤ C2πC(g)
∫
S
|f |2e−ϕ−ψdVS .
When K goes to −∞, using Levi’s theorem, we have∫
M
ee−ϕ
|w|2g(log e|w|2 )
|F |2dVM ≤ C2πC(g)
∫
S
|f |2e−ϕ−ψdVS .
Thus the present Corollary follows.
6.9. Proof of Corollary 3.24.
Let Ψ := log(|s|2e−ϕS), and h := e−ϕF−ϕS . Then it is clear that Ψ ≤ −α and
A = −α.
Let c−α(t) := e(1−b)t, and δ = 1α . Then we have c−α(α)e
−α = e−bα, and∫ +∞
α c−α(t)e
−tdt = 1b e
−bα.
When ϕS and ϕF are both smooth, using Theorem 2.1 and Remark 4.14, we
obtain Cb = 2π(αe
−bα + 1b e
−bα)(maxM |s|2e−ϕ¯S)1−b.
Now we discuss the general case (ϕS and ϕF may not be smooth).
As M is Stein, we can choose relatively compact strongly pseudoconvex domains
{Ωn}n=1,2,··· of M exhausting M .
Note that ϕS = αϕS − (αϕS − ϕF ). By Lemma 4.13, it follows that there exist
smooth functions {ϕS,j}j=1,2,··· and {ϕF,j}j=1,2,···, such that
1), {ϕS,j}j=1,2,··· are plurisubharmonic functions;
2), {αϕS,j − ϕF,j}j=1,2,··· are plurisubharmonic functions;
3), {ϕS,j}j=1,2,··· and {αϕS,j − ϕF,j}j=1,2,··· are decreasingly convergent to ϕS
and αϕS − ϕF respectively.
4), Given n, there exists jn such that for any j ≥ jn, |w|2e−ϕS,j |Ωn ≤ e−α.
Using the smooth case which we already discuss, we obtain holomorphic (n, 0)
forms {Un,j}n,j satisfying the optimal estimate 3.10 on Ωn for ϕS,j and ϕF,j .
Note that bϕS,j+ϕF,j = −b(αϕF,j−ϕS,j)+(bα+1)ϕF,j). While ϕF,j is invariant,
let αϕF,j − ϕS,j go to αϕF − ϕS , from Lemma 4.34 it follows that there exists a
subsequence of {Un,j}j , denoted by {Un,j}j, which is uniformly convergent on any
compact subset of Ωn.
Now first let αϕF,j − ϕS,j go to αϕF −ϕS , and then let αϕF,j go to αϕF , using
Levi’s Theorem, we obtain that the limit Un of {Un,j}j satisfies the estimate 3.10
on Ωn.
Using weak compactness of unit ball in the Hilbert space L2
e−bϕS−ϕF−(1−b)ϕ¯S
(Ωn)∩
{holomorphic (n, 0) form}, Lemma 4.34 and diagonal method, we have a subse-
quence of {Un}n, still denoted by {Un}n, uniformly convergent to a holomorphic
(n, 0) form U on any compact subset of Ω for n large enough, such that U satisfies
the estimate 3.10 on any Ωn.
Therefore U satisfies the estimate 3.10 on Ω. Then Corollary 3.24 follows.
We conclude the present subsection by pointing out that Cb is optimal.
Let M be the disc ∆
e−
α
2
⊂ C. By Remark 5.1, and letting eϕ¯S be decreasingly
convergent to |s|2, we can obtain that the estimate in corollary 3.24 is optimal.
A SOLUTION OF AN L2 EXTENSION PROBLEM WITH OPTIMAL ESTIMATE 57
Acknowledgements. The authors would like to thank Prof. Yum-Tong Siu, Prof.
J-P. Demailly and Prof. Bo Berndtsson for giving series of talks at CAS and
explaining us their works. The authors would also like to thank the referees for
suggestions and comments. An announcement of the present paper appears in [32].
References
[1] Lars V. Ahlfors, L. Sario, Riemann surfaces. Princeton Mathematical Series, No. 26 Prince-
ton University Press, Princeton, N.J. 1960 xi+382 pp.
[2] B. Berndtsson, The extension theorem of Ohsawa-Takegoshi and the theorem of Donnelly-
Fefferman, Ann. L’Inst. Fourier (Grenoble) 46 (1996), no. 4, 1083–1094.
[3] B. Berndtsson, Prekopa’s theorem and Kiselman’s minimal principle for plurisubharmonic
functions, Math. Ann. 312, 785–92 (1998).
[4] B. Berndtsson, Integral formulas and the Ohsawa-Takegoshi extension theorem. Sci. China
Ser. A 48 (2005), suppl., 61–73.
[5] B. Berndtsson, Subharmonicity properties of the Bergman kernel and some other functions
associated to pseudoconvex domains, Ann. Inst. Fourier (Grenoble) 56 (2006), 1633-1662.
[6] B. Berndtsson, Curvature of vector bundles associated to holomorphic fibrations, Annals of
Math, 169 (2009), 531–560.
[7] B. Berndtsson and M. Pa˘un, A Bergman kernel proof of the Kawamata subadjunction
theorem, arXiv:0804.3884v2.
[8] B. Berndtsson and M. Pa˘un, Bergman kernels and the pseudoeffectivity of relative canonical
bundles, Duke. Math. J. 145 (2008), 341–378.
[9] B. Berndtsson and M. Pa˘un, Bergman kernels and subadjunction, arXiv:1002.4145v1.
[10] B. Berndtsson and M. Pa˘un, Quantitative extensions of pluricanonical forms and closed
positive currents. Nagoya Math. J. 205 (2012), 25–65.
[11] Z. Blocki, On the Ohsawa-Takegoshi extension theorem, Univ. Iag. Acta Math. 50 (2012),
53-61.
[12] Z. Blocki, Suita conjecture and the Ohsawa-Takegoshi extension theorem, Invent Math., 193
(2013), 149-158.
[13] S.-C. Chen and M.-C. Shaw, Partial differential equations in several complex variables,
AMS/IP, 2001.
[14] K. Diederich and G. Herbort, Extension of holomorphic L2 functions with weighted growth
conditions, Nagaya Math. J., 126 (1992), 144–157.
[15] J.-P. Demailly, Estimations L2 pour l’ope´rateur d’un fibre´ vectoriel holomorphe semi-positif
au-dessus d’une varie´te´ ka¨hle´rienne comple`te. (French) [L2-estimates for the ∂¯-operator of
a semipositiv holomorphic vector bundle over a complete Ka¨hler manifold] Ann. Sci. E´cole
Norm. Sup. (4) 15 (1982), no. 3, 457–511.
[16] J.-P. Demailly, Fonction de Green pluricomplexe et mesures pluriharmoniques. (French)
[Pluricomplex Green functions and pluriharmonic measures] Se´minaire de The´orie Spectrale
et Ge´ome´trie, No. 4, Anne´e 1985–1986, 131–143, Univ. Grenoble I, Saint-Martin-d’He`res,
1986.
[17] J.-P. Demailly, On the Ohsawa-Takegoshi-Manivel L2 extension theorem, Proceedings of the
Conference in honour of the 85th birthday of Pierre Lelong, Paris, September 1997, Progress
in Mathematics, Birkha¨user, 2000.
[18] J.-P. Demailly, Complex analytic and differential geometry, electronically accessible at
http://www-fourier.ujf-grenoble.fr/ demailly/books.html.
[19] J.-P. Demailly, Analytic Methods in Algebraic Geometry, Higher Education Press, Beijing,
2010.
[20] J.-P. Demailly, C. D. Hacon and M. Pa˘un, Extension theorems, Non-vanishing and the
existence of good minimal models, Acta Math. 210 (2013), no. 2, 203–259.
[21] J. E. Fornæss, R. Narasimhan, The Levi problem on complex spaces with singularities,
Math. Ann. 248 (1980), no. 1, 47–72.
[22] J.E. Fornaess, N. Sibony, Some open problems in higher dimensional complex analysis and
complex dynamics. Publ. Mat. 45(2001), no. 2, 529-547.
[23] H. M. Farkas and I. Kra, Riemann surfaces, Graduate Texts in Mathematics, Vol. 71,
Springer- Verlag, New York-Berlin, 1980.
58 QI’AN GUAN AND XIANGYU ZHOU
[24] H. Grauert, Charakterisierung der Holomorphiegebiete durch die vollsta¨ndige Ka¨hlersche
Metrik. (German) Math. Ann. 131 (1956), 38–75.
[25] H. Grauert, R. Remmert, Theory of Stein spaces. Grundlehren der Mathematischen Wis-
senschaften [ Fundamental Principles of Mathematical Sciences], 236. Springer-Verlag,
Berlin, 1979.
[26] H. Grauert, R. Remmert, Coherent analytic sheaves. Grundlehren der Mathematischen
Wissenschaften [ Fundamental Principles of Mathematical Sciences], 265. Springer-Verlag,
Berlin, 1984. xviii+249 pp. ISBN: 3-540-13178-7.
[27] P. Griffiths, J. Harris, Principles of algebraic geometry. Pure and Applied Mathematics.
Wiley-Interscience [John Wiley & Sons], New York, 1978. xii+813 pp. ISBN: 0-471-32792-1.
[28] Q.A. Guan, X.Y. Zhou, and L.F. Zhu, On the Ohsawa-Takegoshi L2 extension theorem and
the twisted Bochner-Kodaira identity, C. R. Acad. Sci. Paris, Ser. I 349 (2011), no. 13–14,
797–800.
[29] Q.A. Guan, X.Y. Zhou, Optimal constant problem in the L2 extension theorem, C. R. Acad.
Sci. Paris, Ser. I 350 (2012), no. 15–16, 753–756.
[30] Q.A. Guan, X.Y. Zhou, Generalized L2 extension theorem and a conjecture of Ohsawa, C.
R. Acad. Sci. Paris, Ser. I 351 (2013), no. 3–4, 111–114.
[31] Q.A. Guan, X.Y. Zhou, Optimal constant in L2 extension and a proof of a conjecture of
Ohsawa, (details of [30]), submitted.
[32] Q.A. Guan, X.Y. Zhou, An L2 extension theorem with optimal estimate, C. R. Acad. Sci.
Paris, Ser. I 352 (2014), no. 2, 137–141.
[33] R. C. Gunning and H. Rossi, Analytic functions of several complex variables, prentice-Hall,
Inc., Englewood Cliffs, N.J., 1965.
[34] L. Ho¨mander, An introduction to complex analysis in several variables, third ed., Elsevier
Science Publishing, 1990.
[35] C.O. Kiselman, Plurisubharmonic functions and potential theory in several complex vari-
ables, in Development of Mathematics: 1950-2000, p.654-714.
[36] L. Manivel, Un the´ore`me de prolongement L2 de sections holomorphes d’un fibre´ vectoriel,
Math. Zeitschrift, 212 (1993), 107–122.
[37] J. McNeal and D. Varolin, Analytic inversion of adjunction: L2 extension theorems with
gain, Ann. L’Inst. Fourier (Grenoble) 57 (2007), no. 3, 703–718.
[38] T. Ohsawa, On the extension of L2 holomorphic functions. II. Publ. Res. Inst. Math. Sci.
24 (1988), no. 2, 265–275.
[39] T. Ohsawa, On the extension of L2 holomorphic functions. III. Negligible weights. Math. Z.
219 (1995), no. 2, 215–225.
[40] T. Ohsawa, On the extension of L2 holomorphic functions. IV. A new density concept.
Geometry and analysis on complex manifolds, 157–170, World Sci. Publ., River Edge, NJ,
1994.
[41] T. Ohsawa, Addendum to ”On the Bergman kernel of hyperconvex domains”, Nagoya Math.
J. 137 (1995), 145–148.
[42] T. Ohsawa, On the extension of L2 holomorphic functions. V. Effects of generalization.
Nagoya Math. J. 161 (2001), 1–21. Erratum to: ”On the extension of L2 holomorphic
functions. V. Effects of generalization” [Nagoya Math. J. 161 (2001), 1–21]. Nagoya Math.
J. 163 (2001), 229.
[43] T. Ohsawa, On the extension of L2 holomorphic functions. VI. a limiting case, Contemporary
Mathematics, Vol 332, (2003), 235–239.
[44] T. Ohsawa and K. Takegoshi, On the extension of L2 holomorphic functions, Math. Z. 195
(1987), 197–204.
[45] J. Ortega-Cerda´, A. Schuster, D. Varolin, Interpolation and sampling hypersurfaces for the
Bargmann-Fock space in higher dimensions, Math. Ann. 335 (2006), no. 1, 79–107.
[46] M. Pa˘un, Siu’s invariance of plurigenera: a one-tower proof. J. Differential Geom. 76 (2007),
no. 3, 485–493.
[47] L. Sario, K. Oikawa, Capacity functions. Die Grundlehren der mathematischen Wis-
senschaften, Band 149 Springer-Verlag New York Inc., New York 1969.
[48] M. Schiffer, D.C. Spencer, Functionals of finite Riemann surfaces. Princeton University
Press, Princeton, N. J., 1954. x+451 pp.
[49] Y.-T. Siu, The Fujita conjecture and the extension theorem of Ohsawa-Takegoshi, Geometric
Complex Analysis, Hayama. World Scientific (1996), 577–592.
A SOLUTION OF AN L2 EXTENSION PROBLEM WITH OPTIMAL ESTIMATE 59
[50] Y.-T. Siu, Invariance of plurigenera. Invent. Math. 134 (1998), no. 3, 661–673.
[51] Y.-T. Siu, Extension of twisted pluricanonical sections with plurisubharmonic weight and
invariance of semipositively twisted plurigenera for manifolds not necessarily of general type.
Complex geometry (Go¨ttingen, 2000), 223–277, Springer, Berlin, (2002).
[52] Y.T. Siu, Function theory of several complex variables. in Chineses, notes by Chen Zhihua
and Zhong Jiaqing, Higher Educational Press, 2013.
[53] N. Suita, Capacities and kernels on Riemann surfaces, Arch. Ration. Mech. Anal., 46 (1972),
212–217.
[54] N. Suita, A. Yamada, On the Lu Qi-keng conjecture. Proc. Amer. Math. Soc. 59 (1976), no.
2, 222–224.
[55] E. Straube, Lectures on the L2-Sobolev Theory of the ∂¯-Neumann Problem. ESI Lectures
in Mathematics and Physics. Zrich: European Mathematical Society (2010).
[56] M. Tsuji, Potential theory in modern function theory. Maruzen Co., Ltd., Tokyo 1959 590
pp.
[57] A. Yamada, Topics related to reproducing kemels, theta functions and the Suita conjecture
(Japanese), The theory of reproducing kemels and their applications (Japanese) (Kyoto,
1998), Su-rikaisekikenkyu-sho Ko-kyu-roku No. 1067 (1998), 39-47.
[58] Xiangyu Zhou, Some results related to group actions in several complex variables. Pro-
ceedings of the International Congress of Mathematicians, Vol. II (Beijing, 2002), 743–753,
Higher Ed. Press, Beijing, 2002.
[59] Xiangyu Zhou, Invariant holomorphic extension in several complex variables. Sci. China Ser.
A, 49 (2006), no. 11, 1593–1598.
[60] X.Y. Zhou, L.F. Zhu, L2-extension theorem: revisited. Fifth International Congress of Chi-
nese Mathematicians. Part 1, 2, 475–490, AMS/IP Stud. Adv. Math., 51, pt. 1, 2, Amer.
Math. Soc., Providence, RI, 2012.
[61] L.F. Zhu, Q.A. Guan, X.Y. Zhou, On the Ohsawa-Takegoshi L2 extension theorem and the
Bochner-Kodaira identity with non-smooth twist factor, J. Math. Pures Appl. (9) 97 (2012),
no. 6, 579–601.
Qi’an Guan: Beijing International Center for Mathematical Research, and School
of Mathematical Sciences, Peking University, Beijing 100871, China.
E-mail address: guanqian@amss.ac.cn
Xiangyu Zhou: Institute of Mathematics, AMSS, and Hua Loo-Keng Key Laboratory
of Mathematics, Chinese Academy of Sciences, Beijing 100190, China.
E-mail address: xyzhou@math.ac.cn
